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Kypc nexmuit cocroutr m3 aByx uacreit. Hacrosmas mepBas 9acTb MOCBSINEHA YUCJAEHHBIM AITPOKCHMAIIN-
AM (QYHKIHMI U, CBA3AHHBIM C 9THM BOmpocaMm auddepeHInpoBannsa U WHTETPUPOBAHUSL, BTOPAT — PEIIEHUIO
ypaBHeHwuit, B ToM uucye u guddepennuaababiM. 3nanne mpeacrapiasger co00i n3/T0KEHHe BBOTHBIX JIEKITUH 110
YUCIEHHBIM METOIAM, YUTABIIUXCS HA MTPOTIKEHUN PSIIa JIeT aBTOpaMu B mepBoM cemectpe 11 kypca dbusndeckoro
dakynbrera CIIOLY. C 3ruM cBsA3aHO OrpaHWYeHHE MATEPUAJIA BOIIEIIIEr0 B yIeOHUK, TOCKOIBKY KO BTOPOMY
KYPCY CTYJIEHTHI eIrle He 00aJai0T JOCTATOYHON MaTeMAaTHIECKOH MOATOTOBKOM, HEOOXOMUMON /1 peaTn3aliun
MHOTHX YHCJIEHHBIX METOIOB. B YaCTHOCTHU, He OCBEIIEHBI BOMPOCHI YHCJIEHHOTO perreHus nuddepeHImaibHbIX
YPABHEHWI B YACTHBIX MPOU3BOIHBIX, HEKOPPEKTHBIX 3389 U Psia APYTUX, OTHOCANIUXCS K YUCJIEHHBIM METO-
JmamM, npenogaBaeMbiM Ha IV kypce dusudeckoro dbakynprera. Tem He MeHee HEKOTOPBIE BOIIPOCHI BBOIHOTO KypPCa
YUCJIEHHBIX METOIO0B TPEOYIOT IIPEIBAPUTEIbHBIX 3HAHUM, BBIXOSAIINX 33 PAMKU 00’€Ma MATEMATHYECKUX CBEJE-
HUl, TTOIyYaeMbIx cryideHtamu Ha [-m m gaxe I[-m kypce, moaToMy aBTOpBI COWIM KaK HEOOXOMMMBIM, TAaK U
BO3MOXKHBIM, BKJIIOYUTH B COOTBETCTBYIOIIUX MECTax OA30BbIe CBEIEHUS U3 (DYHKITMOHAJIHHOTO AHAJIN3A U MATe-
MaTnIeckoil (hu3nKn, 9TOOBI CIETATH N3JI0KEHIE MATEPHUATIA B PA3YMHBIX IIPE/IEIaX HE3ABUCUMBIM OT AIIPUOPHBIX
3HAHUUN YUTATENA.

B nocobuun npunsTa Hymeparusi popmysa no riasaM. IlpuBenennas 6ubnmorpadus YACTUYHO MTPEICTABIISIET
c000¥ MCTOYHUK CIIPABOYHOIO0 MAaTEPUaa, HO, B OCHOBHOM, PACCUNTAHA HA JAJbHENIIee N3ydeHWe UNCICHHBIX
METOIOB.

ABTOpPBI PaJbl BO3MOXKHOCTH BHIPA3UTHL CBOIO Oyaromapuocts Hamemy kojere C.HO.CraBsiHOBY, TPOYUTAB-
IeMy PYKOIHUCh W CIAEJIABINEMY DS/l IIEHHBIX 3aMeuanuit, n npusHarenbubl T.B.Dposmosoit 3a momors B Habope

TEKCTa.



I'maBa 1

Beenenue. IlpocTpancTBa ¢ MeTpuKOIi

B umncienHbIx MeToax MareMaTHdecKas 3a7ada pelaeTcsa Kak npasuio npubsmkenno. [lony4uaemoe npubismzke-
HHE B TOM WJIM HHOM CMBICITE JOKHO ObITH "OIM3K0 PACIONOKEHHBIM "K HCTHHHOMY PEIIeHUI0, TIO9TOMY HOHITHIO
6sm30CTH HEOOXOUMO IPUIATH YETKUN MATEMATHYECKUN CMbICJI, YTOObI UMETh KPUTEPHUH CPABHEHUSI U BO3MOXK-
HOCTBH YTBEPXKJAATh, YTO TAKOE-TO NMpuUbIukKeHne ecThb "xoporree' npubnmxkenne, a Takoe-T0 — HeT. Bee 00’exThi,
KOTOpbIE U3y4YalOTCsd B YMCJIEHHBIX METOIaX, IPUHAJJIEKAT HEKOTOPBIM IpocTpaHcTBaM (IpocrpancTBaMm (yHK-
Uuii, BEKTOPHBIM [POCTPAHCTBAM) C Pa3jinvHbiMU cBoficrBaMu. OOILIMM /Ui BCEX 9TUX HPOCTPAHCTB HABJISETCS
TIOHSITHE PACCTOSTHUsI, KOTOPOE M SIBJIsSIeTCsT Mepoit 0am3ocTh 3meMeHToB. 1103TOMy ecTecTBeHHO HAvYaTh M3yde-
HUe YHUCJIEHHBIX METO/0B ¢ Haubosee 0O0IIero NpoCTPaHCTBa, /it JI000H Mapbl 3JIEMEHTOB KOTOPOIO OIpeIesieHO
paccrosiare. TaKOBBIM SIBISIETCST MEMPUNECKOE NPOCTNPAHCMNEO.

Oupegenenne. Ilycrb M — HeKOTOpOE MHOXKECTBO U p — OuHapHas (PYHKIMSA Ha3blBaeMas MEmpukol, p :
M x M — Ry =1[0,00), Takas 9T0 JJIst JTHOOBIX 3J6MEHTOB MHOXKeCTBa, M BBIOJTHEHO

Dp(z,y) =0z =y;
2)p(x,y) = p(y, x);
3)p(x, z) < p(x,y) + p(y,z) — HEPABEHCTBO TPEYTOJbHUKA,
rorga mapa (M, p) HABBIBAETCS MEMPUBECKUM NPOCTPAHCTNEOM.

3aMeTuM, UTO eCJId Ha OJHOM B TOM Ke MHOXKecTBe M onpenennTs Apyryio OuHapHyio byHKIHIO C YKA3aHHBIMA
CBOWCTBAMU, TO MbI OyJIeM UMETH, COOTBETCTBEHHO, U JIPYT0e METPUIECKOE TPOCTPAHCTBO.

CTpyKTypa MeTpHiecKoro npocTpPaHCTBA O3BOJISIET TOBOPUTH O CXOMMOCTH TTOCJIE/I0OBATEILHOCTEH 3JIEMEHTOB
JIAHHOTO IPOCTPAHCTBA. VIMEHHO, HOC/IeI0BATEILHOCTD &; HA3BIBAETCA CXOUSMIEHCs (10 METPUKE) K DJIEMEHTY &

ecym

lim p(x;,2) =0.

1— 00
Ha mpakTuke ke, uMest €0 € MTOCIEI0BATEILHOCTAMY TPUOIMKEHUI £; K TOTHOMY DEIEHUI0 T MOCTABIEHHON
33/1a91, TPOBEPSThH BLITIOJIHEHNUE HTOTO YCJIOBUS 3a9aCTyI0 HE MPEJCTABILETCd BOZMOXKHBIM, TOCKOJBKY CaMO 3TO
peleHne, KaK IPaBuji0, HEU3BECTHO, U €CTh JIUIIb BO3MOXKHOCTH CDABHUBATL PUOJIUKEHUS T; MEXKy CODOH, TO
€CTb BBISACHATD SIBJISIETCS JIU IAHHAS IOCIE0BATEILHOCTD (hyHIaMeHTa bHOi (nocaenoBareabuocThio Kommn). Ha-
HOMHHUM, YTO TOCJIE[0BATEIbHOCTD T; Ha3biBaeTcd byHaaMeHTanbHol, eciuV € >0 AN Vi k > N p(z;, zx) < €.
MeTpudeckoe TpOCTPAHCTBO, B KOTOPOM Ji00ast (DyHIaMEHTATbHAA TIOCIEI0BATEIbHOCTh UMEET [TPEJIesT, TIPUHA/I-

JeXKAIMIiA ITOMY Ke TPOCTPAHCTBY, HA3BIBACTCA NOAHDIM. Kak MU3BECTHO, JI000€ HETOJIHOe METpUYECKOe IIpOo-



crpancTBo (M, p) MOXKHO TONONHUTD [15] €THHCTBEHHBIM 0OPA30M € COXPAHEHHEM DACCTOSHWS, €CJIH TOHUMATh
0oz saeMentamu nomnosanenua (M*, p*) Kiacchl 9KBUBAJIEHTHBIX APYT APYTY (DYHIAMEHTAILHBIX TOCIEI0BATE b
HOCTEH (MOCIeNOBATENBHOCTH { Ty} U {Yn } HASBIBAIOTCA SKBUBANEHTHBIMHA, ECTH P(Ln, Yn) — 0 pm n — 00), a B
Ka4eCTBE HOBOH METPUKH p* MPUHATH CACAYIONLyo: p*(x* y*) = kh—>nolo o(Tk, Yk), TI€ FJIEMEHTHI T, Y ABIAIOTCH k-
MU 3JICMEHTAME U3 TPOU3BOJLHBIX MPEACTABATENCH {Ty } 1 {y, } KIACCOB SKBUBAIGHTHDIX TIOCTEIOBATEILHOCTEIH,
OTBEYAIOMUX dMEMEHTaM ¥ u y* coorBercTBenHO. Ilpwm 9TOM 35meMenThr mpocTpancTBa (M, p) BCIOAY TUTOTHBI B
(a7, 7).

ITpocThbIM NPUMEPOM HEMOJTHONO METPUYECKOrO MPOCTPAHCTBA CIIyKUT, HanpuMmep, orpe3ok (0, 1] ¢ MeTpukoii
p(z,y) = |z —y|. DTo HpOCTPAHCTBO HENOJIHOE, TaK KAK [OCJAEI0BATEIBLHOCTD 1/1, 0UueBUIHO, sBJIdeTcd (DyHIAMEH-
TANBHOM, HO ee npeaesnom aBagerca 0, n on me mpuHAANEKUT orpe3ky (0,1]. Ilomomrernem aBIAETCA 3AMKHY THIH
orpe3ok [0,1]. EcrecTBeHHO, 9TO TIOJHOTA TIPOCTPAHCTRA, SIBJISIETCST CYIIECTBEHHBIM O0CTOATEIbCTBOM JJIsT UMCIIEH-
HBIX METO/IOB, [IOCKOJIbKY MOCJAEI0BATEILHOCTD IPUOIUKEHUT, IPUHAIJIEIKANIUX OJHOMY KJIACCY 00bEKTOB, MOXKET
HMETD IIPEeJesl 3TOMY KJIACCy He IPHHAIICKAIIMA 1, CIeI0BATEIBHO, He 001aIaTh TpeOyeMbIMI CBOXCTBAMH.

Kak npasuio, B YMCIEHHBIX METOIAX 334498 HOMCKA PEIIeHUA & METOIOM MOCJIEAOBATEIbHBIX TPUOIMKEeHII
MOXKeT ObITh cOPMYIUPOBaHA B BUAC 3aJa9U O HAXOXKJICHUW HEMOABUAKHON TOYKH HEKOTOPOTO CIKUMAIOIIETO
orobpasxkenus A :

Az ==z . (1)

HanomuuM, 9T0 TOYKA & HA3BIBAETCS HENOJGUMHCHOT Mowkoli oTODpaXKkenus A 3aJaHHONO B METPUYECKOM ITPO-
crpancrse, ecan BoiiosHero (1). Camo xke orobpaxkenue A HA3BIBACTCH CHCUMAIOULUM WA CHCAMUEM, €CIU Cy-

mecTByeT Takoe uucio 0 < o < 1| 9To mis 00bIX 3JIEMEHTOB T,y MEeTPHUYEeCKOTro MPOCTPAHCTBA

p(Az, Ay) < ap(z,y) . (2)

3aMeTuM, 94TO BCIKOE CXKUMAIOIIEE OTOOPAYKEHNE HEIPEPLIBHO, TIOCKOJIBKY €GN T, — &, TO u3 (2) ciaemyer, 4To
Az, — Ax. BaxHBIM CBOHCTBOM CXKHUMAIOIIETO OTOOPAXKEHUSA SIBISIETCS CYIIECTBOBAHME HEMOIBUKHON TOYKH.
Nmenno, cupasemimba

Teopema (MPUHIUIT C:RUMAOIIUX OTOOpaxkenuil). Beskoe cocumatousee 0mobpascenue, onpedeseHtoe 6 noj-

HOM MEMPUYUECKOM NIPOCITNPAHCIIIGE UMCEETT 00Hy U MmMoAvkro OdHy HeTlOdBUOfCHyTO mMovKy.

HokazarensctBo. Ilycth 9 — mpousBosbHAS TOYKA METPUUIECKOro mpocTpancTBa. OupeaesnM mocaesoBa-

TEeJIBHOCTH T,, = Ax, 1. [Tokaskem, uro oHa pyHmaMeHTanbHAs. BygeM cauTars [jist OMpeseIeHHOCTH, UTO M > N,
TOTIa

P(Tn, Tm) = p(A" o, AT x0) < " p(T0, Tp—n) <

< a™{p(xo, 1) + p(w1,22) + ... + P(Tm—n—1,Tm—n)} <

1 _ am—n

=a"p(zo,z){l+a+a®+.. . +a™ "} = a"p(xo, z1) I~

1—anjo}oo'

< a"p(zo, 1)
Takum 0b6pazomM, MOCTETOBATEIBHOCTD Ty (PYHIAMEHTAJIBHAS U, CJIEJIOBATENIHHO, B CUIY IOJHOTHI IPOCTPAHCTBA
nmeeT nipenena. OO03HAUNM €ro depe3 x. YOeauMcs, 9TO T sSIBJISETCS HeMOABUKHON Toukoil. /leficTBurennHo, ns
HEeIIPepLIBHOCTH oToOpaxkenus A

Az =A lim =z, = lim Az, = lim 41 =2 .
n—oo n—oo n—oo



Ocranoch yaI0CTOBEPUTHCS, UTO HEMOABUYKHAS TOUYKA ABJISETCS equHCTBeHHOMH. [1ycTh
Ar=z2, Ay=y,

roraa u3 (2)
plx,y) = p(Az, Ay) < ap(z,y) ,

orkyzna p(x,y) = 0, 4T0 B CUIIy OIpENeeHnsa METPUYECKOrO IPOCTPAHCTBA, 03HAYAET, YT0 T = y. B masbHelinem
MbI Oy/IeM HEOTHOKPATHO MOJIb30BATHCA MPUHIIAIIOM CKAMAIOIINX OTOOPAYKEHMIA.

Oupenenum TakKe [HOHATUE nopaAdka crodumocmu. Ilycrs 1oCa€10BaATENbHOCTD Ty CXOAUTCH: lim X, =T u

n—oo

d= lig PEn412) 3)

whe T plen,a)

Ecaun cymecrByer koHewnblii npegen (3), TO OH M HA3BIBAETCS HOPSIKOM CXOAMMOCTH. Bbipaxkenue (3) MOKHO

zanmcarh u B Apyroit ¢popme. menno:

. p(Tpgr, )
lim —————~ =C, 4
n—oo pd(x”,x) ( )

rae C Hekoropasi oruaaag or 0 u He paBHAd OECKOHEYHOCTH KOHCTaHTA. VI3 3TOr0 BBIpaXKEHUS BHIHO, UTO UEM
BBIITE TIOPSATOK CXOTUMOCTH d, TeM ObICTpee TOCIeI0BATEIBHOCTD &Ly CXOOUTCS K MPEIETy.

Merpudeckoe MpOCTPAHCTBO ABJISETCS CJAUMIKOM 00muM noHnsitueM. Kak mpaBusio, 06’eKThbl, ¢ KOTOPBIMU MTPH-
XOIUTCS UMETh JIEJI0, OOJIAIa0T CBOMCTBAMEI HE TOJBKO METPUYECKOrO MPOCTPAHCTBA, HO U PIAIOM JIOTIOTHUTE b
HbIX cojicTB. HanomuuMm npeaBapuTesibHO HEKOTOPBIE Olpeeienus u3 abcrpakTHoil anrebpsr [20].

Ounpenenenue. Knace G 06’ekToB (351eMeHTOB) @, b, ¢, ... Ha3bIBaeTCH 2pynnod, eCIu OlpeneneHa OuHapHast
orepaiysi, KOTopasi KasKI0i mape 3J1eMeHTOB @, b CTaBUT B COOTBETCTBUE HEKOTOPDIH 06’eKT (PE3y/IbTaT Olepalum )
a - b Tak, 49ro:

1) a - b sBisercs sueMenTOM Kiacca (3aMKHYTOCTb OTHOCUTEJILHO OLIEPALIUY -);

2)a-(b-c)=(a-b)-c (acconnaruBHOCTS);

3) G conepxut (1eBy10) edunuyy e Takyw, 4ro mis jaoboro a usz G, e - a = a;

4) ana moboro snementa a € G B G cymecTByeT (MeBbiit) o6pammnid sMeMeHT a1 Takoii, 9To a1 - a = e.

Ouepanuio -, ONpeae/gioILy 0 MPYIINY, HA3BIBAIOT (AOCTPAKTHBIM) YMHONCEHUEM U GACTO OMYCKAIOT TIPU 3AITU-
cu: ab = a-b. Ipynna xommymamuena uim abenesq, eCiu JIIOObIE €8 3JIeMEHThI TIepeCTaHOBOYHBL. Openesrontyo
Ollepalyio B KOMMYTATHUBHON IPYIIIe 4acTO HAa3biBalOT (AGCTPAKTHBIM) cAodicenuem, 0003HaYas ee +, a eMHUY-
HBIIl 3JIEMEHT HA3bIBAIOT HyAb U 06o3Hadaror 0. OOpATHBI 9JIEMEHT K @ 3AMUCHIBAIOT KAK —a; IPU ITOM ITHIILYT
a+ (—=b)=a—b.

Herpyauo ybenurbes, 910 Kaxkasi TPYIIIa UMEeT eMHCTBEHHYIO JEBYIO U MPABYIO eAWHUIIBI, U 3THU €MHUIIHI
PABHBI, PABHO KAK KayK/bIl SJIEMEHT UMEeT e IUHCTBEHHBIN JEeBbIl U MPaBblil 0OpATHBIC, U 9TU IJTEMEHTHI PDABHBI.
Orciona caeayioT 3akoHbl cokpamenusa (ab = ac = b = ¢; ca = ¢b = b = ¢) u CyIIeCTBOBAHNE €IUHCTBEHHOTO
pelienus & ypaBHeHus ax = b (wau xa = b), T.e. OiHO3HAYHO onpeeseHo "nenenue".

Oupenenenne. Knace R 06’ekToB (3/1eMeHTOB) @, b, ¢, ... HA3BIBACTCA KOAbUOM, €CJIU ONPEIECIEHbI YKE /1B
OUHAPHBIE OlEpaIii, OOBIYHO HA3bIBAEMbIE CJIOKEHUEM U YMHOXKEHUEM, TAKHUEe, 9TO:

1) R ectb abesieBa IpyIIia Mo CAOKEHUIO;
2) ab € R (3aMKHYTOCTb 110 OTHOIIEHHUIO K YMHOKEHHUIO);

3) a(bc) = (ab)c (acconMATHBHOCTD yMHOMKEHH);



4) a(b+c) = ab+ ac, (a + b)c = ac + be (qucTPUOYTUBHBIE 3aKOHBI).

Bamerum, uaro a-0 = 0-a = 0. IBa snemenra a # 0 u b # 0, myist KoTopbix ab = 0, HA3BIBAIOTCSA, COOTBETCTBEHHO,
AEGVLM T NPasbim desumesamu wyas. Hanpumep, HenmpepbiBHbIE (DYHKIMM HA KOHEYHOM WHTEpBaJE OGPasyloT
KOMMYTATHBHOE KOJIBIO, COIEpIKAIee JeMUTenu Hyas. B kosbie Ge3 memwrenedt wHynst u3 ab = 0 ciemyer, 9To
abo a = 0, ymbo b = 0, u meificTBYIOT 3aKOHBI COKpaieHus. Ecan Koabino R comepXuTr u JeBy U IpaByo
€IVHUIIBI, TO OHW €JIMHCTBEHHBI M COBIAJAIOT, & R HASBIBAECTCA KoAbUOM ¢ edunuyel. AHATIOTUIHO, €CITA 3JIEMEHT
00J1a/1a€T U JIEBBIM K IIPABBIM OOPATHBIM, TO OHU TAKYKE €IMHCTBEHHBI M COBIAIAIOT.

Omnpenenenne. Teao B — KOJBIO ¢ €IWHUIEH, B KOTOPOM I KaXKJIOTO HEHYJIEBOTO 3JIEMEHTA CYIIECTBYeT
MyJIbTUILIHKATUBHBIA obparHbii (T.e. B\ {0} — rpynma no ymuaoxenuo).

KoMmyTaTnBHOE TENIO HAZBIBAETCA NOAEM.

Omnpegenenne. Hemycroe MHOKECTBO L HABBIBAETCST AUHETH LM WA GEKMOPHbIM NPOCTNPAHCTNEOM HAJ TTOJIEM
F, eciin oHO yHOBIETBOPSIET CACTYIONMM YCIOBHSM:

1. L — xommyTaTuBHas rpynna 1no (BEKTOPHOMY) CJIOKEHUIO;

2. Hyia moboro snementa a nois F u aoboro ¢ € L onpenenen anement ax € L (3aMKHYTOCTD 110 OTHOIIEHUIO
K YMHOXKEHUIO Ha, 3JIEMEHT TOJisi (CKAJISAp)), npudeMm

a) afr) = (af)x (accoumaTuBHPLA 3aKOH JJisi YMHOMKEHHUS Ha, CKaJIsp);
6)1-z=u;
B) (o + f)zr = ax + Bz, a(r + y) = ax + ay (mucTpubyTUBHBIE 3AKOHBI).

Ecnu B kauecrse nosis F soicTynaer nose geiicrBurenbHbIX unces R wiu none komiiekcubix uncen C, 1o
Pa3JIMYaloT, COOTBETCTBEHHO, J€HCTBUTE/NbHBIE (BEIIECTBEHHBIE) U KOMILJIEKCHbBIE JIMHEHHbIE IIPOCTPAHCTBA.

Besikyto dyukuuo f, 3agannyio na suseitnom npocrpancrse L co 3uavenusivu B nosie F (f : L — F), mbr
OyaeM Ha3bIBATL GYHEYUOHAA0M. OYHKIHOHAN [ HA3LIBAETCS JUHEHHBIM, ecau Jjs aobbix z,y € L u a, € F
BBIIIOJIHEHO:

1) fz+y) = f(2) + f(y) (ammrusmocrs);

2) flax) = af(z) (oAHOPOTHOCTS).

Oyukiponasn f Ha3bBIBAETCA HENPEPBLIBHLIM B TOYKE T, €CIM JJis JI0O0H MOCIeI0BATENbHOCTH Ty U3 Ty — &
crenyer, aro f(x,) — f(z). Herpyaao y6emuThes, 9To ecnm TuHEHHDIN (QyHKITMOHAT HETPEPBIBEH B OTHOH TOUKE
Z, TO OH HENpepPbIBEH U BO BCeM L. JleficTBUTENBHO, IyCTH Yy — Y, TOTAA X + Yp — Y — &, U U3 HENPEPBIBHOCTH
dyukumonana B Touke x caeayer, uro f(z + y, —y) — f(x), oTkyma no auneHHOCTH (DYHKIMOHAIA 3aKII0YaeM,
ar0 f(yn) — f(y). OObIYHO HENPEPBIBHOCTH JHHEHHOro (YyHKIMOHAIA IPOBEPAIOT B HyJie ( TO €CTb, €CJIU s
m060# nocnenosaTenbrOCTH L, — 0 = f(2,) — 0, To muHelHHbI GYHKIMOHAT HETPEPHIBEH ).

Ompenenenne. @ynknmonan f, 3a/aHHBIH Ha JuHeiHOM TpocTpancTee L co 3navenmsavu B Ry = [0,00),
HA3BIBAECTCS HOPMOTU, eClu

1) f(z) =0< 2z =0;

2) f(az) = |alf(@);

3) flz+y) < flx)+ f(y).

JIuHeiiHOe TPOCTPAHCTBO, HAa KOTOPOM 33JaHA HEKOTODAash HOPMA, HA3BIBAETCS HOPMUPOBGHHDIM TPOCTIPAH-

emeom. Hopmy smemenrta & npuaaTo 06o3Ha9aTh ||2||. Beskas mopma mopoxkaaer B L m MeTpuky

p(x,y) = llz -yl ,



TO €CTh MPEBPAIAET HOPMUPOBAHHOE TTPOCTPAHCTBO B Merpudeckoe. Obparnoe merepno. Hopmuposanunoe mpo-
CTPAHCTBO, TOJIHOE IO METPUKE TMOPOKIEHHON HOPMOIi, Ha3bIBaeTCst Banarosvim mpocTpancTBOM.
IIpuMepsl HOPMUPOBAHHBIX IIPOCTPAHCTB

1. TIpumepoM HOPMHUPOBAHHOTO MPOCTPAHCTBA MOXKET CIYKUTH MPOCTPAHCTBO (DYHKITH L][Da,b] , 1<p<oo:

b
fell, & |\f||pd§f</|f(t)\pdt); B )

2. IlpocTpaHCTBO HEMPEPBIBHBIX (DYHKITWIH C’[a,b] C HOpMOI1

f(t)

1£1] = max,

(6)
IIpocTpaHCTBO HEMPEPBIBHBIX (DYHKITWIT MTOJTHO IO METPUKE, TTOPOYKIEHHON ITOM HOPMOI.

Eie 6onee comep:kaTenbHbBIM 06’€KTOM SABJSIIOTCA €BKINIOBBI MIPOCTPAHCTBA — MPOCTPAHCTBA CO CKASPHBIM
npousBenenreM. B aeficTBUTeIbHOM JIMHERHOM IpoCcTpaHcTBe L ckaaapHoe npouseéedenue Olpeaesercsd Kak Ou-
HapHas (yukius Ha L (B ganbredimem obosnadaemas (-, -)) co 3HaYeHUsAMEU B R, yIOBIETBOPSAIONAS C/IELYIOMIUM
YCJIOBHSIM:

1) (z,y) = (y,z);

2) {ax + By, 2) = oz, 2) + By, 2);

3) (z,z) > 0, npuuem (z,z) =0< x =0.

HeiicTBUTEIBHOE JTUHEHOE IPOCTPAHCTBO ¢ (PHKCUPOBAHHBIM B HEM CKAJISPHBLIM IIPOA3BEICHUEM HA3LIBAETCS
e CTBUTENbHBIM E6KAUJOGOM TPOCTPAHCIEOM.

CkasisipHoe IIPOU3BEIeHNEe B KOMILIEKCHOM JIMHEHHOM npocTpancTse L — 370 6unapaasa dyHkmys (-, -), onpe-

JleJleHHass J17is Jii000i Tapbl JIeMeHTOB &,y € L, co 3nadenusvu B C, yIOBIETBOPSIONIAs CJIEAYIONUM YCAOBUSIM:

1) (z,y) = {y, z);

2) {az + By, 2) = afz, 2) + By, 2);

3) (x,x) > 0, npuuem (z,z) =0 < x =0.
Yenosus 2) w 3) COBIAJAIOT M5l KOMILIEKCHBIX W JACHCTBATEIBHBIX €BKINIOBBIX TPOCTPAHCTB COBIAIAIOT, PA3/IH-
4ue JIMIIb B ycJaoBuu 1).

Haxouery, éBKINI0BO IPOCTPAHCTBO HA3BIBACTCSI 2UAbGEPIMOBbIM, 6CIIH OHO CeNapabesbHO (T.€. B HEM CYIIECTBY-
eT cYeTHbIH 6a3uc (HAIOMHIM, MHOXKECTBO HA3BIBAETCS CYETHBIM, €CIM MEK/[y HUM M MHOXKECTBOM HATYDPAThHBIX
YHCENT MOKHO yCTAHOBATH B3AMMHO OJJHO3HAMHOE COOTBETCTBHE)) W TIOJIHO TI0 METPHUKE, MOPOXKIACHHON CKATAPHBIM

npoussenernem. Ilpocrpancrso L? asngerca rumbbeprosbiv [15].



I'maBa 2

Annpokcumaliuu pyHKITIIA

Tepmun annporcumayus o3HagaeT npudamkenne. Oyukiws f apiagercd annpokcuMalmei GyHKIUA ¢, €CJIH OHa,
B TOM HJIM MHOM cMbicJsie 6iau3Ka K g (CKaxkeM, 1o Toii wiu unoil Hopme). B curyanuu, korpa dyuxiusa f umercs
TaK, 4To0bl OHA COBIIAAAJA § B KOHEYHOM HabOpe TO4YEK, TO ee, PABHO KaK M CaM LPOLECC IOUCKA, HA3bIBAIOT
unmepnoasyuet. TIpu 3TOM, eCii MHTEPEC MPECTABIIOT NpUbIuKeHHbIe 3HaYeHus HYHKIMK ¢ (T.€. 3HAYEHUs
dyukuun f), HaxojsAIIMECd BHE OTPE3Ka C 33JaHHBIM HA0OPOM TOYEK (3TO KacaeTcs JIUIib BEIIeCTBEHHbIX (DYHK-

uuii, pazyMeeTcd), TO HApsAAy C TEPMUHOM MHTEPIOANMs yIOTPEO/IAeTCs TaKXKe TEPMUH IKCMPANOAAYUUL.

2.1 MHWurepriongaius
2.1.1 3amaya MHTEPHOJIAINN

ycrs 3atana Tabmuana wucen {x;, fi}N,, i=0,1, ..., N; 20 < 21 < ... < TN .

Omupenenenve. Beaxaa dynaknus f(x) rmakas, uro f(x;) = fi, i =0, 1, ..., N, Ha3bIBACTCI UHMEPNOAUDY-
roweti (unmepnoasyueti) nus Tabmmmsr {x;, fi 1Y, .

3aiaua UHTEPIIOJSIIUU COCTOUT B OThICKaHUU ([IOCTPOEHKH ) UHTEPIOUpPYyIoniel Gy Ky (T.e. IPUHUMAIOIIEH
B 3a/]aHHBIX y3J1aX UHTEPUOJISAIMU T; 3aJaHHbIE 3HadYeHus f; ), UpUHAJJIeKAIEH 3aanHoMy Kiaccy dyHKUMil.
Pasymeercs 3a1aua WHTEPIIOJSIUN MOXKET UMETh WU He MMETh pelneHue (M IpH TOM He eIUHCTBEHHOE), BCE 3a-
BucuT o1 "3amanHOro Kyaacca ¢yukimit". Heo6xoammo BBISCHUTE YCJIOBUS, IPYA KOTOPBIX 33712493 WHTEPIIOJIAIIAN
6bu1a 6B KOPPEKTHO TIocTaBaeHa. OquH U3 cnocoO0B MHTEPIIONIAIAN COCTOUT B TOM, YTO HHTEPIONUPYomaa QyHK-

U UINETCS B BUIE JIMHENHOM KOMOWHAIINY HEKOTOPBIX KOHKPETHBIX (GyHKImil. Takas MHTEPIOIsIns HA3bIBAETCS

smneiHo#i. ToabKO JTMHEHBIE HHTEPIOIAIMY Mbl U Oy/IeM PACCMATPUBATDH B JaJbHENIIEM.

2.1.2 YebObimmmeBcKue cucTemMbl (PyHKIIUH

ycrs {p;(x)}Y, — nekoropsiit nabop dynkumit Ha [a,b] , ckaxem @;(z) € Clqy) . Paccmorpum nuneiinyio

N N
obosourky H = \/ ¢;(x), ona no onpenenenuio cocrout u3 (HyHKIUi NpPEACTABUMBIX B BUie Y a;@;(x), rae
, i=0

=0
a; — HEKOTOPbIEC YHCJIa. By,ILQM HCKaTb PEIIeHUue 3aJa91 NHTEPIIOJIAIINN B KJIaCCe beHKL[Hﬁ, IPpUHAIJICKAINX
H. MoxHo cunrath, ut0 @;(x) — amHeiiHO HezaBucuMmble GYHKIUEU (B MPOTHBHOM CJIydae, €CIHW 3374493 WH-

TEPTIONAINY PA3PEIINMA, TO €€ PEIICHHE 3aBEJOMO He eIUHCTBEHHO). OIHAKO OIHOTO 3TOrO OTPAHUYEHUS sl



OMHO3HATHOU PA3PENTUMOCTHA HEJIOCTATOTHO.

ZT; 0 1
IIpumepsr. [lycTs 3amana Tabauia ‘
fi 0|1
N
1. Bosbmem B kauecrBe H  oGosnouky cunycompanbibix Gynknuii H = \/ sin(7mkz). Beakaa dbynkuys us
k=0
N
H npencrasnsercsa B Buae f(x) = Y agsinwkz, cnenosarensro, ama mee f(0) = 0, f(1) = 0, T.e. ona me

k=0
VZOBJIETBOPSIET BTOPOMY yeaosuio Tabmunpsi: (1) = 0 # 1, Takum 00pa3om, perneHnii Her.
N
2. Iycres reneps H — juneiitnas obosouka crenennpx dymxmui: H = \/ 2 u N > 2 | ckaxem N = 2.
k=0
Torna

f(z) =ao + a1z + azx?

Mockonwky f(0) =0, 10 ag =0. Hanee, f(1) =1 usuauur aq + as = 1, u pernennii GeCKOHEYHO MHOIO, JIUIIIb
OBl BBITIOTHAIOCH TIOCTIEIHEE YCIOBUE .

HerpynHo BuAETh, 9T0 BO BTOPOM HPHMEPE MJisi CYIIECTBOBAHUS U €IUHCTBEHHOCTH PEIeHUs MOYKHO HCIOJIb-
30BaTh B Kauectse H dymkimu Buga ag + apz® . To ecTh 1151 € IMHCTBEHHOCTH peIleHns 331240 UHTEPIO/IAIINN
€CTECTBEHHO WCIIOJIb30BAaTh CJIE/IyIOIIee OrPAHUYEHHE: YHCJIO Y3JIOB JIOJIZKHO PABHATLCS Pa3MEpPHOCTH MHTEPIIO-
JIMPYIOIIEro mpocrpancTBa. OQIHAKO, KAK MOKA3BIBAET TEPBBIN IPUMED, IJId PA3PENIuMOCTH 3a0a9l HHTEPTIOIATAN
Y 3TOI'0 OrPAHUYEHUST HEJOCTATOYHO.

BreisicHuM yCI0BUSI, PU KOTOPBIX 331898 WHTEPIOASINN PA3PEnMa OJHO3HATHO. 33493, THHEHHON nHTep-
TOJISITIAY BBITIISAUT chaenyiomum obpazom: nycrs f € H | rme H — nuneiiHas 06009Ka HEKOTOPBIX (DYHKITHH

pi(x),i=0,1,2,---, N; HEOOXOOUMO yIOBJIETBOPUTH CUCTEME PABEHCTB
N
fla) = fi =) axpr(:) - (1)
k=0

To ecth Tpebyercs HaiiTh Habop uncen {ay}h_, Tax, urobbt dbyrkmusa f(r) yIOBIETBOPAIA 3aaHHOIM TabTHIE
{z;, f;} . Cnoso "numeiinas"s GopMyaupoBKe 03HATAET, uTO MYyHKIHE @; BXomar B (1) muueitnbiv obpazoM (wrm,
9TO TO K€ camoe, byHKIua f mpuHamIexXnT JuHeiHOH 06oaouke GyHkmmit ;). Obozraumm Marpuiy {¢k(x;)}
gepes ®. IIycrs £ — BexTOp ¢ KOMTOHeHTaMu f; , u a = (ag,a1,...,ayn)’, Torma cucrema (1) sKBUBAIEHTHA,
3agaue

dTa=".

Ecau det ® # 0 , T0 3Ta crcTeMa paspemuMa eIHHCTBEHHBIM 00pa30M.
Oupenenenne. Cucrema byuxiuii {@; }, mis koropoii det @ # 0, HazbIBaeTCH 4eOBIUEECKOU.
SameTnm, 9To 00as 9eOBINIEBCKas CHCTEMa (DYHKIMH ABTOMATHYECKY JHHEHHO HE3aBUCAMA. BarXKHbBIM TpH-

MEpPOM 4eOBIIIEBCKUX CHCTEM SIBISIIOTCS MHOTOYIEHBL.

2.1.3 NutrepnoJsadaiiusgs MHOTOYJIEHAMU
Ocoboe MecTO MHOTOYJIEHOB

BBIIE/IEHHOCTS MHEOTOUICHOE (TIOJIMHOMOB) O0YCIOBJICHS, TIEJIBIM PSITIOM 00CTOATEITHCTE.
1) HommaOMBI Py, (T) JETKO BBIYUCIISATH.
2) MHOXKeCTBO MOTHHOMOB TIIOTHO B MPOCTPAHCTBE HempephiBHbIX dyrKmmii Cl,p) , B cuIy Teopembl Beiiep-

mrrpacca, (GOpMYJIUPOBKY KOTOPOH MBI IIPUBEIEM.



Teopema Beitepurrpacca. Jlas aoboti gynxyuu [ € Clapy) u das mobozo € > 0 cywecmeyem maxoe n  u

maxoti noaunom py () , deg pp(xr) =n , wmo |[|f —pnllc,, <e.

3) IlosuuoMbl gBAsIOTCA 4€BBIIIEBCKOI CHCTEMON Juis JII000H CUCTEMbI HECOBIAIAIONIUX Y3JI0B.

B camom gene, myers {p;(x)} ¥, = {1, z, 2%, ..., 2N} | Torma det ® cormamaer ¢ onpenenmrenem Bammep-
MOH/IA,

1 zy a3 zy

1 22 . N
1 1

A(.’L’O,l‘l,...,.CCN): . X . . . = H (xk_xm)a

: . : . : N>k>m>0
2 N

1 oy 2y ... 7y

KOTOPBIi, OYeBUIHO, HE PABEH HYJIO €CIH T F Ty, OPU k 7# m. YOeouMcd B CIPABENIMBOCTH IPEACTABJICHU
omnpeneaurensd Bangepmonna no uaaykuuu [16]. JelicrBuresnbno, mycrhb g unaekca pasuoro N — 1 nocieuss
dopmyna Bepraa. Berurem B onpenenurene A(xg, 1, ..., TN) U3 KAKIOTO CTOIONA TPEANIECTBY IO, yMHOKEH-

HBII Ha T, TOTIA

1 0 0 0
1 x1—x :c% —x120 a:{v —J;{Vilxo
A(.’EQ, . 5 LI,‘N) = =
1 zny—x9 x?\, —INTQ ... x%—x%_lxo
1 x a2 N1
1 xy a3 Ty -t

= (@ —wo)(w2 o). av —wo) T T =

1 oy 2% x%‘l
=(z1—wo)(m2 —x0) ... (v —m0) ] (@—am)= ] (wk—am).
N>k>m>1 N>k>m>0

Taxum 06pazoM, 33712498 HHTEPIOTATIHN st Tabmumst {x;, f,»}lN:O Pa3PEINMa, e IUHCTBEHHBIM 00Pa30M B JTHHEHHO
N
obonouke crenennbix dynkmaii H = \/ z¥. Bosmmkaer Bompoc: Kak CTPOUTL MHTEPHOIAIMOHHBIH MOIMHOM

k=0
pn(z), Beab ectb cBoboza BhIGOpa Gasuca B H  wmaum, uro To ke camoe, cBoGona dhopmbl 3amucu? Bparb B

k¥ 3auacTyio oxasbiBaeTCs HeymOOHBIM. B 9aCTHOCTH, HAIpPHMED, HA

KagecTBe (L) COBCTBEHHO CTENEHW &

orpeske [a,b] =[0,1] cTenennble DYHKIMA BBICOKAX TOPSAIKOB BEAYT CeOs BECHMA, CXOKUM 00DA30M: CTETeHn

u 2’ "mouTn uHeitHo 3aBuCHMB" (OHI OYeHD TIOXOYKW IPYT Ha JPYyTa), TPH 3TOM MOJY9aeTcst TTOYTH BHIPOK TIeHHAA

marpuiia ®. 3amada mHaxoxaeHus K0IMQMUIMEHTOB a TMPU CTEMEHSX & OKA3BIBAETCS IJI0X0 O0YC/IOBIEHHOI.

HeGombiioe BapbrpoBaHne BXOAHBIX JAHHBIX (3Ha4eHuil f;) NPUBOANT K 3HAYMTENHHBIM W3MEHEHHAM BEIHYHH
N .

ai. BEcoim xxe 8 H = \/ o' BwiOparb apyroii 6asuc, T0 370 OyJeT OTBEYaTb TOMY, YTO BMECTO OIPEICIUTE s

=0
Bannepmonga ( det @) u camoii marpunpl @, HeoOx0aMMOR 11t OThICKaHUsT KOI(DMUIIMEHTOB ay, B 3324

f(z) = ap + a1z +ag2s + ... +anyahy , k=0,1, ..., N,
MBI 6yI€EM UMETh HEKOTOPYIO APYTYIO 333y

f(xx) = bopo(wx) + bapr(xx) + ...+ bypn(2r) , E=0,1,..., N, (2)
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N N
rie pr € H. Koaddumnmenter by, onpenenstores us pasencrsa f(z) = . bipi(z) = Y. ajz*, npu stom p;(x) =
£ =

3 Cina®, 1o ectn

Zb ZCM ZZ (b:Cir. ) Zakx :

i=0 k= k=0 i=0
WM B MATPHUIHON dopme

C"™b=a.

Takum o6pazom, ecau det C # 0, o HOBag 3a1a4a (2) Tak Ke pa3penmMa ejinHcTBeHHbIM 06pa3oM. HeBbipox nen-
Hocth C sKBUBaTeHTHaA TOMY, uTo {pk(x)}HY_ obpasyior 6azuc B H (ciencteue muneitnoit anre6pn). B qactHocTH,
eciu mosmHoMbl  {pg(x)H_, C H Takosbl, uto deg pr = k , TO OHU ABTOMATHYECKU JHHEHHO HE3ABMCUMBI U

obpazyior 6a3uc B H, ciemoBareabHO, 330398 HHTEPIOISINN PA3PEIINMa, €IMHCTBEHHBIM 00Pa30M.

NuTepnonsanuonnblii moauHoM B ¢popme Jlarpaika

O,HI/IH 13 BO3MOXKHBIX IIOAXOOO0B K PEIICHHUIO 3adaYl HHTEPIIOJAINNY MHOrOYJIeHaMu, COCTOUT B TOM, 9TOOBI MAT-

puna @ wummesa o BO3MOXKHOCTH TTPOCTOH Bu. VIMEHHO, pACCMOTPHM 337189y WHTEPIOJSINN: IIyCTh TaHa HHTEP-

nonsuonnas Tabmuna  {xk, fr }Y_, . Tpebyercsa nafitu nommuom py(z) crenenu N, yAOBIETBOPAIONMI 3TOf
TabsuLe.
N .
Beemem Gaszuc 8 H = \/ 2* | B xoropom marpuna ¢ mnpeacrasiasger cofoll €IMHAIHYIO, OGO3HAMAM €ro
i=0

{Lk(z)}_,, TO ecTb

Li(xi) =0pi; ©=1.
N

Orcrioma py(z) = > aply(z) m
k=0

fi =pn(xi) Zakﬁk ;) = ai,

njain

kaﬁk

k=0

Kak nocrpouts narpamxkesbl monmuaoMbl L (x)? Tlockonbky Ly (z;) = 0 mpu i # k, To Takoii momuaom Ly ()

umeer N KOpHeii 1, CIeI0BaTeNIbHO, siBIseTCs moauHoMoM crerenn N. Takum obpasom, Li(x) = Ck [] (x — x5),

i#k
mpuaem L (zx) =1, mosromy Cr = [] Wimi), CJIeTOBATENIBHO,
itk "
T—
L) =[] —=
3 — x),
ks "7

OKOHYATENbHO, peleHne 33891 HHTEPIOJSAINA TPUHIMAET BH/I

Tk
ijl_[ka

Jj=0  k#j

NaTeprosaanmorHblii moanaoM B ¢popme HproTona

Narepnonsuuonnsrit mommaoM crenern N, mpoxonammuii wepes 3agaaabe (N +1) Touxy {z;, fi}ij\io, eTUHCTBEH-
ner. Opaako 3anuck ero B popme Jlarpamka MOXKeT i HEKOTOPBIX 339 OKA3aThCsa HEYIOOHOH. DTO CBA3aHO
¢ TeM 00CTOATEHCTBOM, uTO BCe Jlarpanxkesbl nojuHoMbl L (x) uMeOT ofHy u Ty Ke crenedb — N. B gacr-
HOCTH, €CJIM K WHTEPIOIATHORHOH ceTke {2;, fi} m0DaBIaTh HOBBIE TOYKM, TO HENb3s BOCHONb30BATHCS PAHEe

IIOCTPOECHHBIMHU JIaI'PAaH2KE€BBbIMHU ITOJIMHOMaMHM. HpI/IXO,HI/ITCH AJIA OoJiee BBICOKMX CTEIeHeill ux CTPOUTDH 3aHOBO.
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Bynem pemars 3aiady unrepnonsiuu seibpas B H Hopblit 6asuc {Nj(z) ) :
No(@)=1; Ni(@) = [[@==:), k=1,...,N.
i<k
B oM, uTo 370 meficrurennho 6asuc B H serko ybenurnes, nockonbky deg N (x) = k, u reM caMbIM HbIOTOHOBbL

muOrownensr N; mumelino HesapucuMbl. UTak, GymeM HCKaTh WHTEPIOMSITUORHB monuHoM p(z) B B

N
p(z) = Zak./\fk(:c) )
k=0

Takoe MpeacTaBAeHUe PENICHUS W ABJISETCA 3aUChI0 MHTEPIOJAIMOHHOro moauaoMa B (opme Hprorona. 3ame-
um, 4ro Nj(z;) =0 upu j < k . Camu kospdunmentor ay naxoaum u3 cucremst: p(z;) = f;, j=0, ..., N,

njin

ap = fo ,

aop + a1 (x1 — o) = f1,

m

> apNg(zy) = fm s

k=0

N

> apNi(en) = fv -

k=0

D10 TpeyrosbHas cucrema. V3 mepBoro ypaBHEHHS OIPEJIEIAETCS Gy, 3aTeM, 3Has (g, U3 BTOPOTO ypaBHEHUs

ompeeNisieM a1, U TakK Jajiee.

MoxkHO pemmTh Ty ke 3amady u Oojee "smeranTHO". BBemem, Tak HA3bIBAEMbBIE, PA30EAEHHbIE DPASHOCTIU.
Paznenennwre pasuoctm 0-ro mopsimka — 3TO mpocTo 3Havenus dyukmmm f; = f(x;). Pasnenennsie pasHocTH
00JIee BHICOKUX MOPSIIKOB OMPENEIAIOTCS PEKYPPEHTHO:

1 mopsiaka — fij = f(xlvlﬂ) = ﬂ]::%ﬂ?y ;

2 nopanka — fijn = f (i, 05, 2p) = L0k

fB0B1-Bi_1—TB182...8
k nopsiaka — fﬁovﬂl“-ﬁk = To—1r

Herpynuso Bumers, 9T0 pasmesieHHble PAZHOCTH WMEIOT PA3MEPHOCTH COOTBETCTBYIOMIUX MTPOU3BOMHBIX. Pere-

HUE 33/IaY1 WHTEPIIOJIANNN JTAeTCA CAETYIONNM BbIPayKeHNEM

N
plz) = Z.fOlQ...ka(l') .

k=0
Ur06b1 yOenquThCa B CHPABEJIUBOCTH YTOTO NPEJICTABICHHS, PACCMOTPAM DA3IETEHHbIE PA3HOCTH MHTEPIOJISAIH-
OHHOrO MOMHOMA P(Z), B KOTOPBIX B KAIECTBE EPBOrO U3 APryMEHTOB BBICTYIIAET CAMa NEPEMEHHAA &, & OCTaJIb-
HBIMH sIBJSAIOTCA TOUKK uHTepnonsinun. Crenensb 31oro nosumaoMa pasHa N. Pasnocts p(z) — p(xo) = p(z) — fo

obparaercsi B HOJIb B TOYKE X U, CJIEIOBATENBHO, JEJUTCI HA & — To. LakuMm 0Opa30oM pasiesieHHas Pa3HOCTH

_ p(x)—p(zo) N-1. A
Pa0 = — =, > baccMaTpuBaeMasd Kak byHKUUA T, ABIAETCS MOJTUHOMOM CTEEHN . Anajioru4yno, Bropad
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passieNlenHas PasHoOCTh Pyo1 = P2=P%  ecth nmosmHOM Moz cremenn N — 2, pasjenennas pasHocTh N-TO
MOPSOKA  Prol2..N—1 YK€ HE 3aBHCAT OT & W SBJSIETCS KOHCTAHTOM, M PA3HOCTH 0OJee BBICOKOTO TIOPSIKA

TOKIECTBEHHO PaBHBI HY/1I0. TakuM oOpa3oMm,
p(x) = po + (x — 20)pzo = po + (z — xo)[po1 + (¥ — z1)ps01] =

po + (x — x0)po1 + (x — o) (z — x1)[po12 + ( — 23)pro12) = ... =

N k—1
= Zp()lQ...k H(l — i) -
k=0 i=0

Ocranocs 3aMETHUTDH, 9YTO IIOCKOJIbKY B Y3JIaX HHTEPIIOJAINNA T; 3HAYCHUA UHTEPIIOJTAIHOHHOI'O ITIOJUHOMA PaBHBI

TabJMYHbIM 3HaYeHusAM f; , T0u fo1..k = Po1..k -

2.1.4 TIlorpenrHocTh MHTEPHOJIAINN

Iycre f(x) — mexoropas dynkmus u {z;, fi}f;o — WHTEPIOSINOHHAS TabINIa, KOTOPOi 3Ta (PYHKIINA YI0BJIE-
tBopsier (10 ectb  f(x;) = f;). Ilo 9TOi 2Ke MATEPIOMATMOHHON CETKE MOYKHO MOCTPOUTH U MHTEPIOIATIMOHHBIN
nonuHoM py (). Bo3HUKaeT eCTeCTBEHHDIH BOIPOC: HACKOILKO PA3INYAIOTCA MeK Ay coboit dbyukims f(x) u no-
JuHOM PN (), YAOBJIETBOPSIONIME OMHON U TOM ke Tabiuie? Eciu HUKaKuX CBOWCTB IJIQIKOCTH He NOoTPe0OBaTh
or ¢pyHKIMK f, TO M CKA3aTh HUYErO ONPEAETEHHOTO HEMb3s. OJHAKO, MPH JOCTATOYHON IMIaAKOCTH (PyHKIMA f,
MOXKHO OLEHUTb pasHocTh f(x) — py(x), UMEHHO, CpaBesIuBa

Teopema. Hycms f € CNTa,b] upn — unmepnoasyuonnviti noaurom, yooeremeoparousue 00Hoti u moti sice

cemxe snavenuti {x;, fi}N.o, mozda das moboti mouru x € [a,b] cywecmeyem makas mowka &(z), umo

_ ME@)

2de Nyi1(x) = (z — zo)(x — 21) ... (x — xN).

HoxkazarenbcTso. [IpeacTaBumM MOrpeIHoCTb B BUIE
f@) —pn(z) = Ny (2)r(z) -

Taxoe npescTaBjeHHe eCTeCTBEHHO, IIOCKONbKY U pasHocTb f —py u Nyy1 B Toukax x;, ¢ = 0,1,..., N
0OpAITAIOTCS B HOMb:

[(z) = pn(@)]|g=e; =0 , i=0,1,...,N.

IIpu srom 7(x) € Clqp) - Beesem raxzke Bcnomorareasyio (yHKIIO

(&) = (&) —pn(§) = Ny (§r(z) .

3necb © — mapamerp, & € [a,b] . OueBmmmo, uto ¢(§) = 0 B TOwKax & = o, ¥1, ..., TN, . Hdamee, ecan
feCNt rou ¢ € CN*T. Hamomuum, uro s yskimy, npusaesxkaimeii Cl, MesK Iy IBYMs KODHAME UMEeTCS
1o Kpaiiaeit Mepe onun Hysb npoussonnoil. CregoBaresbHo, MexKy Kpaiinuvu u3 N + 2 wynsavmu Gyakuuau ¢(&)

JesKUT XOTst Obr onwH Hyb (N + 1)-0if mpomsBoguoii. BeimummeM 3Ty Mpon3BOIHYO:
g"THE) = FATHE — (N + () -

IMycTs ona obpamaerca B Hyab B Todke &(x) : q(€(x)) = 0, caenoBarenbho, B 310 Touke &(r) BBIIOJHEHO

RN i (1C0)
(N+1)! 7
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OTKYZI& YTBEPKICHHE TEOPEMBI CJEIYET HETOCPEICTBEHHO.

3ameqanmne. IIpuBeIeHABIM PACCYZKIEHIEM O KOPHAX BCOOMOTATENBHON (DYHKIMK ¢ MOXKHO BOCIIOIB30BAThCA
TOJIBKO, €CJI & # T;, TaK Kak npu ¢ = ; Gyskuua ¢(x) wnmeer sumb N + 1 xopenb. Ognako npu © = ;
YCIIOBHSI TEODEMBI BBIMOJHEHBI ABTOMATHYECKH, MOCKOMBKY f(x;) = py(x;) m Nyy1(z;) = 0.

13 ycnoBust TeOpEMBL CJIelyeT alpHOpHasi OLleHKa

@) - pv(@)) < max [ Ol <

- 15+ e
T gefad] | (N +1)!

(N—|— 1)! |NN+1(1')| .

ITpumep. Onennrs morpemaocTs GyHKIMH Y = /= Ha npomexyTke [100,144| ¢ ysnamm 100, 121, 144 ¢
HOMOIILIO WHTEPIO/IAIMOHHOrO HOJAUHOMa BTopoit crenenu (B (dpopme Jlarpanka win Heiorona — 3T0 BCe paBHO,
MTOCKOJIbKY 3TO OIWH U TOT K€ TTOJIMHOM, PA3HUIA MOXKET BO3HUKHYThH TOJIBKO, €CJIN BhIYUC/IeHnEe KO3 duiimenTon

[OPOKCXOJUT HE TOYHO, & C HEKOTOPOH MOIPENTHOCTHIO).

Perierne. JIs Toro, 9006l OIEHUTH MOTPEITHOCTH, BOBCE HET HEOOXOMAMMOCTH CTPOUTH CAM WHTEPIIOJISIITAOH-

_1 _
HbIfl [IOJMHOM, JOCTATOYHO BOCIOJIL30BATHCS NOJIydeHHOl onenkoit. Urax N = 2,y = ta72, ¢ = —1a72,

wljee

no__ 3
Yy =35

5
)

3 -2 _ 310-5
, cregosarenpro, max |y’ | < £(100)72 = £107°, orxyna

3 1
lpn(z) —y(2)] < 3 1075 3y max |(z — 100)(x — 121)(x — 144)| < 3-1073 .

Takum 00pa3oM, Jlazke HE CUUTAs CAM WHTEPIIOJAIMOHHbIH TTOJMUHOM PN (), MbI OIEHU/IU [OIPEITHOCTb.

2.1.5 Omuenka Nyi(z).

ITpu nTpOM3BONLHOM PACIOIOXKEHUH y3JI0B ONEHATL MOAydb Ni1 JOBOIBLHO CI0KHO. I paBHOMEPHOI CeTKH

cutyarus Beiragaut npore. [Iposenem rpy6yto onenky. Ilycrs © € [xg—1, 2k], TOrma
|xo — x| < kh, |z —2| < (k=1)h, ..., |zp—1 —x| < h,

g — x| < h, |zpe1 —x| <2h, ..., |ley —2| < (N—k+1)h,
orkyma [Nyi1| < (N —k+1)kRN+L u
(N 41— k)
_ < N+1 A S LA W\ 2
—_———

1/Czlir+1

10 ecth |f — pn| = O(RNTY) . B aroit cuTyanmun roBopAT, 9TO MHTEPHOIATHOHHLI MHOTOUIeH py(T) nMeer
norpemocrs O(hN11),

3ameganme. MOXHO TOIOGpATh y3aBI Tak, 9Tobhl Bemmanna max [Nyy1(z)| 6buma Menbme, 9em y mo6oro
JIPYTOTO MOJMHOMA TOM K€ CTETNEHW ¢ €IMHUYIHBIM CTAPIAM KOI(DPUImenToM (Takue MOJMHOMBI, HAMMEHEE OT-
KJIOHSIIOIIUECS OT HyJsl, — MHOTOWIEHBI Ue0hImeBa). Y3JIbl PACIONOKEHBI PENTKO B CEPEJUHE U CTYIIAKOTCS Y

KOHIIOB IIPOMEXKYTKa.

2.1.6 CxoammocTb mHTEpHOJdANuu. [IpumMepsnl

Xors TeopeMa Beﬁepunpacca " yTBEPXKIaeT MOJHOTY TOJUHOMOB, OAHAKO OHa HUYETO HE TOBOPUT OTHOCUTEJILHO

TOr'0, KaK CTPOUTH TaKHe IIOJUHOMBL Dy . Boznukaior BOIIPOCHKHI:
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1. Kax Bpibupars UHTEPUOAANUOHHY0 Tabauny {x;, f;}?

2. CXO,HI/ITCH JIX B TOM HJIM MHOM CMBICJIE ITIOCJIECOOBATECJIBbHOCTD AIIIIPOKCUMAIIMOHHBIX IIOJIMHOMOB K HHTEPIIO-

Jmpyemoit pyHKIun?
Jlist yBeImaeHnst TOYHOCTH MOYKHO HCIIO/IB30BATH CIIEMYIONINE METOIbI IOCTPOEHUS TIOJTMHOMA:

1. YmMenbInenwe mara CeTKM, MPU MOCTOAHHOMN cremenn N HHTEPIONSIMOHHOTO MoMnHOMa. B 3T0i curyamun
ii CcN+1 6
HHTEPTIOSIMOHHBIN MOJIMHOM XOPOIIO ONMUCHIBAET moBefaenue dbyukimn [ € JUIIb Ha HEOOJIbIIIOM

upomexkyrke (ayuubl hN).

2. Pazywmuoe pasmernenne y37108. OOBIYHO 3TO 03HAYAET BHIOOD B KAYECTBE Y3JIOB KOPHEH MHOTOUJIEHOB 1eObI-

IIeBa.

3. VYBeaudeHnue InCia, y3JI0B U, TeM CaMbIM, YBEJIUYCHUE CTEIICHU MHTEPIOJATTMOHHOTO MOJIUHOMA.

Useectno, uro ecmm y(x) — menast GyHKIus (T.e. PA3IATACTCA B CTEMIEHHOH DAJ ¢ GECKOHEUHBIM PAJIyCOM
CXOZMMOCTH Ha KOMILJIGKCHOH TIJIOCKOCTH), TO MPH TPOM3BOJIEHOM PACHONOKEHUN Y3JI0B HA JTHOOOM TTPOMEIKYTKE
[a,b], pn(xz) — y(z) paBHOMEDHO (T.€. MO HOPME TPOCTPAHCTBA HeMpepbIBHBIX (yHKIHi ) npu N — oo . OnHako,

~ . o0
ecan QyHRIMsa OeckoHewHO auddepeHnrpyema JUiih B BEIIECTBEHHOM cMbicie: f € C’(_Oo s0)» TO 9TO yXKe He
FrapaHTUPYeT CXOIUMOCTH IOCIEIOBATEILHOCTH HHTEPIOIAIHOHHBIX TTIOJHHOMOB K (PYHKIUH [ HPH yBEIMYeHHH

YHUCTIA Y3J10B.

IIpumep.

ITocTpouMm mocIe10BaATEIBHOCTD HHTEPIOISIIMOHHBIX TOJIMHOMOB 110 TOYKAM OTPHUIIATEIbHOM mosayocu. Bee onum
TOKJECTBEHHO PABHBI HYO (pp,(2) = 0) m cxomamocrn k. dyextmu  f  Her. IIpaBna y37bl MBI BBIOPATH BECHMA
HeaPEKTUBHO.

[Ipu paBHOMEPHOM PACIIOJIOKEHUN Y3JI0B TAaK:Ke HE BCETMA yAAeTCs J00uThcsa cxomumocTu. llpuunna 31ech
3aKJII0YAETCS B TOM, U4TO B OIEHKY WHTEPITOJSIITUN BXOIUT TPOU3BOIHAS OT MHTEprojmpyeMmoit pyukiuu. Ecmu  f
He 006JIa1aeT JOCTATOYHOM TUIAAKOCTHIO, OIIEHKA, TepsIeT CMBICIT.

ITpumep Bepurmmreitna.

y(x) =lz|, ze€[-1,1].

BeprmTeiin nokasasn, 9To s pABHOMEDHON CEeTKM, 3HAYEHWS Py () MEKIY Y3/IaMU WHTEPTIOJISANNA HEOTDAHW-

4eHHO Bo3pacTaior npu N — 00 B okpecTHOCTH TOYeK -1, 1. 3amerum, uro dyaxuusd |z| HeauddepeHmpyema B

HyJIe, HO B OKDPECTHOCTHU HYJIsI WHTEPIOJIAINOHHBIE TOJTMHOMbBI BBHICOKOU CTENeHH IOCTATOYHO XOPOIIO TIEPEIa0T
nopeieHue QYHKIUU MOYTh.

B usBecTHOM CMBICTE OOIIEr0 METOA TIOCTPOEHUS MOCIEIOBATEIBHOCTH WHTEPIOISIHOHHBIX TTOJTHHOMOB HET.
1 ocHoBanmeM, 9TOOBI yTBEPKAATH CTOIE ''peHenpusTHeiiee nu3sectre", siBsieTcst

Teopema ®abepa (NO GO Theorem). ITyemsb x] — npouseosvnuili urmepnoisyuonnsi maccus xa [a,b):

)
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1 1
Lo Ty
2 2 2

Tp T3 T3

mn n T n
g ozt oy ...z}

Tozda cywecmeyem maxas dymsyus g € Clgp)  u makaa mowsa . € [a,b] , wmo nocaedosamervrocms
UHMEPNOAAYUUOHHDIL TOAUHOMOE, NOCMPOEHHAA NO CMPOKAM IM020 MACCUBA U COBNGIGNOUWEA 6 HUL C (, HE
cmpemumes 6 mouke T, ¥ (i) .

Takum 06pa3oM, paBHOMEPHO CXOAMMOCTH, BOOOIIe ropops, 4odbuThes He yaaercs. Kak "upeonosners"teopemy
Pabepa? Heobxomnmo 0TKa3aThCS OT MOTOYEUHON CXOAMMOCTH W 3aMEHHUTH €€ Ha, CXOAUMOCTH B cpenHeM. VIMeHHo,
BEPHO CJIGIYIONIEe YTBEPIK ICHHUE.

IIycts P,(r) — cucrema MHOTOWIEHOB OPTOrOHAIBHBLIX € BecoM p € Cl, ) Ha mpomexkyTke [a,b] :

b
/Pn(m)Pm(x)pdx =0nm, plx)>0,

n
a x,ﬁn,) — xopuu P,,. Bce oHu BeniecTBeHHbBIE ¥ IPOCTHIE U IPUHAIIIEXKAT TPOMEXYTKY (a,b) (cM. ri. "Hucaennoe
N+1
unrerpuposanue). Bozbmem xopuu AR OPTOrOHAJILHOTO MOJUHOMA Py i1 B KadecTBe y3JI0B WHTEPIOJSIINH.

ITo mum mocrpouM mosimaoM py N-0#f crenenu npoxoxsmmii yepe3 N + 1 Touky: f(xs,]LVH)) =pn(zm ), m=
0, ..., N. Torma nis m060ii HEMPEpLIBHOH Ha, [a,b] dyukuma f

b

/[f(x) — pn (@) p(x)de — 0.

N—o0
a

Bribupasi Ty wiau uHY0 BeCOBYIO (DYHKIIHIO, TOJYYIAEM PA3JIUYHBIE OPTOTOHAJIBHBIE MOJMWHOMBI. Hambosee yro-
TPEOUTENTbHBIMA OPTOTOHATBHBIME TIOJIUHOMAMHU SIBJISIOTCS mosmHOMBI Akobu, Jlexxanapa, Yebnimesa, Jlareppa,

dpmura.

2.1.7 Coaaiiasl

Kak MblI Buie I, yBeJIMY€HHE CTEeHN HHTEPIOIUPYIONIEro TOTHHOMA TAJIEKO He BCErIa MPUBOIUT K KEJIAEMOMY
. f£AN
pesyabrary. 3adactyio Gosee 3bdHEKTHBHBIM cOCOGOM WHTEPTIOAANMH Ha ceTke {x;, f; }iL, OKa3hIBAETCS MCMTONIb-
30BaHue CILUTAWHOB. /I UM COOTBETCTBYIONINE OMPEIE/ICHISI.
17
IIycts 29 < 21 < ®2--- < Ty — HEKOTOpbIe Yncaa. PaccMoTpuM KyCOYHO MOMMHOMHUATBHYIO DyHKImHIO S
(v <n, v,n — HATYDAJBHBIE), 3ATAHAYI0 HA IPOMEIKYTKE [T(, T N] TAKYIO, ITO HA KAZKIOM IIPOMEKYTKE [L;_1, X4

OHa TIPe/ICTaBIAeT OO0l HEKOTODBI{l MOJMHOM P!, CTEereHu n:
v ot s
Sn(l’)—p”(I)7 T e [xi—lv'riL 1*1723"']\7 ;

U, IPU 3TOM, PACCMATPUBAEMAsA HA BCEM IPOMEXYTKe [To,Zn] GyHKims S, wMeeT 7 — UV  HEmpepbIBHBIX

NPOU3BOAHLIX, TO eCTh S% € E;;‘;N], U, CICAOBATENLHO, M TOJUHOMOB P’ BO BCEX BHYTPCHHUX TOUKAX
X1,Tg, -+ LN—_1 TPOMEKYTKA [T, 2] BBITOIHEHO
k. dk
7 _ i+1 . _
drkpn|m:(z7)_ dfkpn |$:(rl) 5 2—1727"'7N_1 5 k—0,1727"'n_1/.
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Oupenenenve. @yuxiys SY(r) HasbBaeTcs cnaalinom nopadke n (cmenewu n) dedpexma v, . Touku x;
HA3BIBAIOTCS Y3AGMU CNAGTHA.

OueBuHO, 4To AedeKT ciiaiiHa v paBeH ero nopsiaky 7 "MuHyc" YMCII0 ero HelpepbIBHBIX IPOU3BOIHBIX.

CymectByer qu XoTs 661 oaun crtaitn? Paszymeercs, na. B wacTHOCTH, TOJMHOM n-0# CTEMEHU €CTh OIHOBDE-
MenHo craita SY g Beex v ot 0 1o n . B KadecTBe mpuMepa CILTaiHa TaKyKe OTMETHM, 9To S| TpeicTaBisger
o060l JTOMAHHYI0, TOTKAMH M3JIOMa, KOTOPOH ABJSIOTCA Y3JIbI CILIAMHA.

Beskmit cwraiin SY , 10 TeX mOp MOKA MBI OT HETO HUYEro He MOTPeOOBAIM KPOMe KaK SBJIATHCA Ky-
COYHO TIOJTMHOMUAIBHOM (DYHKIIHEH, 00Ia1aeT HEKOTOPBIM YHCJIOM CBODOIHBIX MAPAMETPOB, KOTOPHIME MbI MO-
K€M PACIOPSIKATHLCA M0 CBOEMY ycMoTpenwio. Yemy papHOo 310 umcimo? Y Hac uMmeercss N MPOMEXKYTKOB
Ay = [xg—1,2x], k= 1,2,---,N . Ha xaxxa0M W3 3THX NPOMEXKYTKOB CIUIAfiH S JOIKEH NPeCTABIATH
c000ii HEKOTOPBIM MOJUHOM N-CTEMEHN pf;/ = zn: a‘gk)xj , KOTOpbIit umeer n + 1 cBobomubiil mapamerp. Ta-

§j=0
KuM ofpa3oM, obiee yucyio cBoboAHbIX napamerpoB pasHo N(n + 1) . OnHAKO, OJHOBPEMEHHO C YTUM, Ha CaMm
CITafiH HAJIOXKEHO HEKOTOPOE KOJIMYECTBO YCJIOBUH IMIAIKOCTH BO BHYTPEHHUX y3JaX CILUTAMHA T1,%2,  ,TN_1.
Ciutajin J10J12keH ObITh HENPEPbIBEH M HEIPEPBIBHBIME JIOJIZKHBL ObITh 7 — I €ro npousBogabix B N — 1 Touke
{mi}ﬁv;ll, TO ecTh U3 obuiero ucsia napamMerpos N(n 4+ 1) MbI JOJKHBI BBIYECTb YUCIO YCIOBUI TJIAIKOCTH,

pasuoe (N —1)(n— v+ 1). B utore, uncno F meficTBUTENEHO CBOGOHBIX TTAPAMETPOB PABHO

F=v(N-1)+n+1.

/
?

[ycTs Temeph HaM 3a1aHa HEKOTOpas WHTepTonsmmonHas Tabmmma {z),y; 1M (touxkn z, — sTo y3ma6r wn-
TEPIIOJISAIMY, U OHH BOBCE HE OOS3aHBI COBHAJATHL C y3/JaMM CIJIaliHa &; ), ¥ Mbl XOTUM HaiiTu crjain S% |
KOTODBIH GBI 3T0M Tabmmme yaomersopsn: Sk (xh) =y;, =0, 1, ..., M. CymecTByer ju pemeHne Takoi 3ama-
Y¥ MHTEPIOJIANMNA U €IUHCTBEHHO Jin oHO? Ecyn gmceso ¢cobomubx mapamerpos citaiina F =v(N —1)+n+1
conazaer ¢ auciom M +1 ycnoBuit unreponsinun (yCjIoBUs PABEHCTBA KOHKPETHBIM 3HadenusM f; B M + 1
y3Jie UHTEPIIOJISINK), TO MOXKHO HAJEAThCH, YTO OTBET IIOJOKUTEIbHBIN, XOT 3TO U HE BCErIa TaK, U OTBET, B
YACTHOCTH, 3aBUCUT OT B3AUMHOT'O PACIIOJIOKEHUST y3JI0B MHTEPIIONAIIE U y3J10B ciutaiina. Tak, HampuMep, ecian
MEXKJy ABYMs COCETHUMU Yy3JIaMM T;—; U &; CllaitHa .S) Haxomgurcs Oojiee 4eM 0 + 1 y3es MHTEPIOIAINH,
TO 3312193 HEKOPPEKTHA, MOCKOJIBKY OT ITOJMHOMa, N-0# CTEeNeHW HEeeCTECTBEHHO TPeOOBAThH, YTOOBI OH ITPOXOIUIT
Gonee wem wepes n + 1 3amamnyio Touky {2}, fi}. Kpome Toro, Ha mpakTuke mpa yCaoBus OOBITHO PE3EPBUPYIOT
0/ PPAHMYHBIE 3HAYEHUS CILIAMHA WK ero Tpou3BoAHbixX. CKazxkeM, uHTeprosupyeMas OyHKIUS U3BECTHA HAM B
HEKOTOPOM KOJHUYECTBE TOUEK U YIOBIETBOPSIET HEKOTOPOMY nudbepeHImasbHOMy YPABHEHUIO U €70 TPAHUYHBIM
ycioBusiMm. MOXKHO, B IPUHITATIE, TOTPEOOBATH, YTOOBL ITUM K€ YCIOBHAM YIOBIETBOPS/ U UHTEPIOIUPYIOMINii €€
ciuiaiii (XOTs HHKAKOMY YDABHEHWIO OH, Pa3yMeercs, He yaoBjeTBopser). Jins HeKOTOPBIX KOHKPETHBIX CILjaii-

HOB (HanpuMep, Kybudeckuil craiitn S3) ecrtb 60/1ee ecTeCTBeHHbIE COOOPAKEeHHs, 110 KOTOPbIM HMEET CMBIC JBa

ycaoBud UCHOJb30BATh KaK I'DaHUYHbIC. qub IIO37K€ MBI 9TOI'0 KOCHEMCH.

IapaGonmyeckmii craiin S3

Jng napaboamaecKoro Ciuiaiiaa 4ucao ¢cBoboanbix mapamerpos F = v(N —1)+n+1 = N 42 u ero ucuonb3yror,
9TOOBI YIOBIETBOPUTL WHTEPHOMAMOHHON Tabmune {2}, fi} ¢ N y3mamMm WHTEpHOAANMHU, OCTABIA BA TAPa-

MeTpa MO FPAHWYHBIE YCIOBUS, KOTOPBIE 33IAI0TCS B KPANHUX y37aX CIUIAfHA To W Tp. Y3l HHTEPIOIAIAN
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T} pACTIONATAIOT MEKIY COCETHUMHM y3JIaMU CILTAHHA T; W Tit1:

I; € (Ii,IH_l) . (3)

Cupasejgua reopema (npuBojumasi Hamu 0€3 JI0KA3aTEIbCTBA) KOTOPAs YTBEPXKIAET, YTO LPU BBINOJIHEHUU
yenoBus (3) 3a1a49a HHTEPIIONANMA MapaboIuIecKuM CIIaHOM KOPPEKTHA, T.€. JJId JIH000H WHTEPIOIAINOHHOMN

tabmuner {x}, f;}N, unTepnommMpytommit €8 crTaiiH CyIIeCTBYeT U ¢ TMHCTBEHHEH TPH TPAHITHLIX YCTOBUAX BUIA
a1S(a) + 415" (a) =7, a2S(b) + F25'(b) =2,

QCHBEA0, i=1,2, a=x9, b=apN .

s mapabosinygeckoro craifHa y3Jbl MHTEPIIONSIUN W y3Jbl CILTafiHa He COBIAJIAIOT, U 3TO 00CTOSTENHCTBO
MOYKHO HCTIOIB30BATH JJTsl TIOBBIIEHNs TOIHOCTH nHTepnonsunn dbyakmun f(2). VIMeHro, HOCKOIBKY apabomra ue
HMEEeT TOYEK neperufa, TO eCTECTBEHHO TOYKHM Ieperuda nareprnonupyemoil Gpyakmun f(x) BHIGHPATh B KAYECTBE

Y3JI0B CILIaiiHA, 8 TOUKY JIOKAJIBHBIX IKCTPEMYMOB f(x) — B KauecTse y3JI0B UHTEPIIOJISIIUN.

3asaua uHTEpHOIATIAN Kybudeckum crutaiinom  Si(z)

IIycTh HaM 3a/JaHa HHTEPHOAMOHHasA Tabmmua {z;,vy; 1Y u Tpebyerca Hafitn xKybudeckuii ciiaiitn Sa(z), y3.br
KOTOPOTO COBMAIAIOT C y3JaMU WHTEPOIANNN, W KOTOPLIf ObI 3Toft Tabmulle ynoaeTsopsan: Si(z;) = yi;, i =
0,1,..., N./lnsa pereans 3T0H 3329 MPEMKJE BCETO ONMPEIEINM JUCIO CBOOOTHBIX TAPAMETPOB U KOJUYIECTBO
YCIIOBHI, KOTOPBIM HEODXOIMMO YIOBIETBOPUTD.

s comagina S), aucio cBOGOJHBIX TapaMerpoB F - paBHO
F=v(N-1)+n+1=1(N-1)+3+1=N+3.

Ipu srom HEoOGx0aMMO ya0BIeTBOPUThL (N + 1)-My YCJIOBUIO DABEHCTBA CIIARHA 3HAYEHUAM WHTEPIIOJAIMOHHOMN
Tabuibl. JIBa ocTaBIMxcsa CBOOOIHBIX TapaMeTPa UCIOAL3YIOT IO TPAaHNYIHbIe 3HadeHnd. [lepeducanm nanbosee

yHoTpebuTe/bHbe IPAHUYHbIE YCIOBU JJid KyOudeckoro ciuiafina.
1. 53 (z0) = SY (zn) = 0 — ecmecmeennviii (Hamypaivio) CrLTaim;
2. S¥'(x0) = A, S¥(xn) = B;
3. nepuommueckuii cimaitn S (a) = SP(b), p=0,1,2.

Bompoc. [Touemy B caydae meproanvdeckoro CIuiaiiHa yKa3aHo 3 yCJIOBHs, a He 2 ... WIH UX Bce Taku 27

CBoiicTBO MUHUMAJIBHOMN KPUBU3HBLI

BrinesneHHOCTS €CTECTBEHHOTO CILTaliHa 00yCIOBIEHA TeM, YTO OH UMeeT MUHUMAJIBHYIO CPEIHIO KPUBU3HY CPEIN
BCex (DYHKIHIl, yAOBIETBOPSIONINX 33/ IaHHON WHTEPIONANNOHHON Tabmuie. ImenHo, cupaBemnimBa

Teopema (Xomuseit). Tyemv A = [a,b], a =29 < 21 < ... < zy =b u {y;}Y, — nexomopwe wucaa. Cpedu

6cex deavicdv, nenpepuieno duddepenvyupyemos dynxyut F, maxuz wmo f(x;) =vi , f"(a) = f’(b) =0, na
b

ecmecmeennom cnaatine S5 docmuzaemes munumym gynryuonara F(f) = [(f(z))?dz .
a

18



Joxazarenscrso. [lycts f € C (0, H YAOBIETBODSIET tabmune {z;,yi} Y. O60o3HaumM m71s yA06CTBA 3amHCH

S(z) = Si(z). PaccMoTpuM pasHOCTH

F(f) - / ()2 — (")} de =

b b
:/(f”_S//)2d$+2/(f”SN_S”2)dﬂj:Il—f—ZIQ )

a a

OueBuzgno Z; > 0 . PaccMorpum BTOPOI MHTErPAI:

b
IQ — /(f// S// S”dx _ Z / // S// S"da: )

Bo3bMmeMm ero mo gacTtam:

Z(f s’ Z/f $)5" dx

=1

$L—1
IlepBag cymma paBaa 0 U3 TPAHUYIHBIX YCIOBUI, TTOITOMY
xZ; N
ZS / (f = 8)de=> "8 (f-9)[ =0,

i=1
T

MOCKOJIbKY 3HAYEHNE TPETheN TPOU3BOIHON HA -OM MPOMEXKYTKE TIOCTOIHHO, 8 f 1 S WHTePIOIUPYIOT TaOIHILy.

Taxum obpasom, F(f)— F(S) > 0, uro u TpebOBATIOCH JOKA3ATH.

CyIJ_IECTBOBaHI/Ie U ¢IMHCTBECHHOCTb KyGI/I‘{ecKOFO cILIaiiHa

IToka MBI 3HaeM, 9TO AA citaiiHa Si(r) ¢ 3aTaHHBIMH TPAHHIHBIME yCJIOBHAMH KOJHYECTBO HEHM3BECTHBIX,
KOTOpbIE HEOOXOMUMO OMPENeIuTh (T.€. CBOOOAHBIX MAPAMETPOB) COBHAJAET ¢ KOJUIECTBOM ypasHeHuil. Takum
obpazoM, B mpuHTHTE, citaiin Si(z) Moxker cymecTBoBaTh. ONHAKO COBTIAJCHHE KOMMYECTBA yPABHEHHT H KO-
JIMIECTBA, HEM3BECTHBIX HE FADAHTUPYET HU CYIIECTBOBAHUSA HA €AMHCTBEHHOCTH PEIIeHus. PaccMOTpUM MoApoOHO
3TOT BOIPOC.

BosbMeM BTOPYIO MPOU3BOJHYIO OT CIiaiiHa Si, KOTOPBIi /I COKPAIIEHUs 3aluch OyieM 0603Ha49aTh IIPOCTO
S(z). S"(x) — sro momanas, T.e. KyCOUHO-TUHEHHAS HeTpepbiBHas pyukmus. O6o3Haanm gepes M, 3HATCHUS
BTOPO¥ TIPOM3BOMHON OT cIuafiHa B Toukax «;: M; = S”(x;),i=0,1, ..., N. Tlockonbky Ha J0060M mpOME-
KyTke [T;—1,2;] S”(x) asnaserca mumeiinoit dbyukimeii, npoxoaameit yepes Touku (r;_1, M;_1) u (x;, M;), 10

OHa OYEBUIHO UMEET BUI:

S”(I’) = ]LL T~ izt + ]\/L_lu, T e [x,;_l,:ci} .
Ti — Ti—1 Ti— Ti—1
O6osnauum ©; —x;—1 =h; , i=1, ..., N, rorma
M; M,;_
S"(x) = —(x — 1) + 'y L — ) .

hi

WHTErpupys MO MPOMEKYTKY |1, ;] , HOTydaem

S'(x) = = (x — 2 1)” -

2h;
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U UHTETPUDYS ellle pa3, IPeJCTaBUM CILJIaiiH B BU/JIE

di
(x; —x)+¢ .

S(z) = (z; —2)° + %(I —Ti1) — 3

KoucranTer d; m ¢; noka Hen3pecTHBEL. UTOORI NX HAWTH, BOCIONL3YEMCs COOCTBEHHO YPABHEHHUSME HHTEPIIOIAIAN
S(zi—1) =yi—1 m S(x;) = y; , KOTOpBIE B HAINIEM CITydYae TPUHUMAIOT BU

M; 4
6

M,
6

d;
hi+ci=yi1 ,

d.
2_ 7 2, Mg .
h; 5 hi + 2hz—&—cz Yi -

CxutafipiBag 1 BBIYATAS 9TU YPABHEHUA, TIOTYTaeM

i i— Mz M;_ i — Yi— ]\/[Z‘—Mi,
o= Yit Yo Mt 15,2 4 = Y- Yo 1

i 2 12 i hs 6 i -

Takum obpazoMm, c¢; u d; MOXKHO ONPEIETUTH Uepe3 Benmduubl  M;, ecan ObI mociesHne ObLIN W3BECTHHI.
Y100bI MX OIPEAETATD, HCIOAB3YEM HEIPEPBIBHOCTE S’ () BO BHYTPEHHUX y37aX X1, ..., TN—1 . ITH yCIOBHHA

3aIIUChIBAIOTCA B BHUJIE
M;h; M;h;

TloacraBumM Croja BbIpaXKeHUE i BEJIMYMH d;:

M; Yi — Yi—1 M; — M;_4
- hi + = - h; =
2 + h; 6
M; Vi1 —Yi M1 — M,
- _7hz - h’Z 9
g i1t it 6 1
TO €CTh
hi hit1 6 Yitl — Y Yi — Yi-1
EEUNE VARG Y VAL S N VA - ,
hi + hiy1 ' hi+hin 0 hithi s hin h; )
i=1,2,..., N=1.970 cucreman3 N—1 ypasueans ¢ (N+1)-oit HemssecTrO# Bemmannoit My, My, ..., My .

Ee neobxoaumMo HOMOJIHATE JBYMS yPABHEHUAME UCXO/s U3 IPAHUYHBIX ycsioBuii . BodbMeM, cKaxkeMm, 0IHOPOIHbIE

IpaHUYHEBIE YCIOBUSA
My =0,
My = 0.

Marpuiia, COOTBETCTBYIOIIA CACTEME IOy YeHHBIX yPAaBHEHHIT, TPEXAMArOHAIbLHA U, [IPU 3TOM, ABJSETCA MaTPH-
ueil ¢ guaronasibibiM npeobiaganuem. Hanomuum, dro ksajaparnas marpuna D (BoobLie roBops KOMILIEKCHA )

Ha3bIBAETCA MATPHUIIEll ¢ duazonarbHbM Npeobaradanuem, eCIu s 3NeMEHTOB d;; TI000H CTPOKM BBITIOIHEHO

N
il > > |dij] -

J#i
ITpusenem Oe3 moKa3aTENbCTBA CAEAYIOMIEE YTBEPIKICHNE.

Teopema (Tepruropun). Cobcmeennbie 3nasvenus K6adpammnot mampuys, D = {dij}?fj:l aeorcam 6 0bsedure-

HUY KPY206

2= dis| < ldi| -
A
IIpAMBIM CJI€ACTBHEM TEOPEMBI [ epINrOprHa ABISAETCA HEBLIPOXKICHHOCTH MATPHUI, ¢ JTOMHHHPYIOMIEH IJIaBHON
,[LI/IaFOHaJIBIO, HOCKO.HBKY AJIA TaKHNUX ManI/IH yKa3aHHOe O6'])6,HI/IH€HI/I€ prFOB HE CO,Jep}KI/IT TOqu Z = 0, I/I7

CJIeJIOBATE/IbHO, MATPUITA, HE WMEeT HYJEeBOTO COOCTBEHHOTO 3HAYEHUs, & 3HAYUT W HEBBIPOXKIEHA. lTakuMm obpa-

30M, CUCTEMA yPABHEHUHN /IJIs1 Onpesenenns Beaudnd M; OMHO3HAYHO Pa3PEIuMa, TEM CAMBIM CyIIeCTBOBAHUE U
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€IMHCTBEHHOCTb KYOMYECKOTO CILTaiiHA MOYXKHO CIUTATH JOKA3aHHBIMU. CaMy yKe BO3HUKIIYIO TPEXIUATOHAIBHYIO
cucTeMy yaoOHO pPelaTh MeToIOM IPOrOHKH, KOTODbIA paccMaTpuBaercs B coorBercrByomeil rinase (cm. "Huc-
aennbie MeToabl II: Pemnenne ypasuenuii"). Tam ke nokazano (HezaBucuMoO OT TeopeMbl Lepiiroputa), 4ro s

MaTpHuIl ¢ JUaroHaJbHbBIM npeo6ﬂa,uaHHeM METOA IIPOTOHKU 3aBEIOMO Pa3pernmnM.

Basuc B IIPOCTPAaHCTBE CILJIATHOB C OJHOPOJHBIMUA I'PAaHUYHbBIMU YCJIOBUAMMA

st BCSIKOM MHTEPIIOSIITHOHHON TaOIHIIbI

Zo, L1y -+ 5 TN

Yo, Y1, --- 5 YN

CYIIeCTBYeT eIMHCTReHHbI KyOuduecknit cimaiin S (x) = S(z), KoTopwlit efi yroBIeTBOpseT:
S(xi):yi, iZO,l,...,N,
U yJOBJIETBOPSET OJHODPOJHBIM IPAHUYHBIM YCJIOBUSM (HAMYPaAbHoil WK eCmecmeenoill CILIaiiH )
S”((Eo) = S”(l’N) =0.

Bapeupys Bemaunbl y; (camras, 9TO y3abl &; (DUKCHPOBAHBI), MBI IOJXyIuM NPOCTpancTBo M (zo, T1, ..., TN)
WHTEPIOATHORABIX eCTeCTBEHHbIX CITAiHOB pasvepHoct dim = N+1 ¢ yanamu {z;}{Y. B camom nene, Beenem
B Kauectse Gazuca B M cienytomue cryaitabi: {Sk(z) o : Sk(zi) = ik i =1, ..., N . Kaxaplii TaKoii

crmaiin Sk (x) cymecTByer w enmHCTBeHHEH. PAaccMOTPIM KOMOUHAITHIO

N
Sz, {oi} X)) = ZakSk(x) .
k=0
Mpeanonoxmm, aro S(z,{a}) =0, rorma
S(xi,{a}) = Si(zi)a; =0

U, CIeI0BaTeNbHO, Bee «; = 0, T.e. crtaiinnl S;(x) auHedHO He3aBUCHMbBIE, U OHU MOKpPbIBaIOT Bee M. Creno-

BaTEJILHO, 000 KyOnaeckuii crtatin S € M(xg, ..., T) ©IWHCTBEHHBIM 00pPA30M MPEICTABAM B BUJIE

N
S, {y}) =D yrSu(x) .
k=0

A kak GBITH B CIyuae CIUTAWHOB C HEHYJIEBBIMU TPAHWIHBIMEU YCIOBHSIMH, CKaxkem ¢ ycaosusmu S” (1) = A,
S"(xn) = B? MHOXKeCTBO TaKHX CILIAHOB y>Ke He 00pasyer IPOCTPAHCTBO, TOCKOIBKY HE ABJIACTCA JAHEHHBIM
(cymMa TakWxX CIJIAfHOB HE YJOBJETBOPACT TPAHUIHBIM YCJIOBUAM). UTOOLI OMUCATEL 3Ty CHTYAIMIO, TTOCTPOMM
cnnaitn cnenmanproro suma SN (z) raxoii, uro
N : )
1) SON(z)=0, i=0,1,2,...,N ;
2) S(O-N)(z) yroBreTBOpseT 3a,1aHHBIM HEOLHOPOJHBIM IPAHHUHBIM YCJIOBUIM.
Takoil crIafiH CyIIECTBYeT M eIWHCTBEHHEH IO JOKA3aHHOMY HAMM YTBEPXKJIEHHH O CYIIECTBOBAHWM W €IWH-
CTBEHHOCTH KyOmdeckoro cimaitna. [IponsBombHbiil cimaiin ¢ ysaamu {x;}Y ¥ ¢ HeOTHOPOTHBIMU T'DAHIIHBIME
YCIOBHAMH IIPEICTABAM €IMHCTBEHHBIM O6Pa30M B BHIE
N
0,N
S(z) = SOM(z) + E YrSk(T)
k=0
rge Sy paHee TOCTPOeHHBIE GA3UCHBIE CTUIAMHBI MTPOCTPAHCTBA €CTECTBEHHBIX CILIAMHOB. TakuM o0pa3om, Ky6u-

YecKue CIJIafHbI OIIUCAHBI TTOJHOCTBIO.
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2.2 Annpokcumarnuu Ilange

2.2.1 "HawusBwusbiii"noaxon

[Tpubnuzxenue GYHKIUK ¢ TOMOIIHI0 HHTEPIOJISAIXOHHOrO MOJHHOMA, HIH ¢ MOMOIIBIO CILIaHA OCHOBAHO Ha HC-

HOJIH30BAHUM 3HAYEHHH MHTEPIOIAPYEMON (DYHKINKA B HEKOTOPOM KOJMYECTBE TOYEK, U KAK CILIAMH, TAK X HHTEP-

HOJIANMOHHBIIA OJMHOM JIOJIZKHBI B 9THX TOYKAX MMETh 3HAYCHNs, COBIIAIAIOIIUE C COOTBETCTBYIONIMMY 3HAYCHU -

MU AHTEpIONUpyeMoil (pyHKIHANA. MOXKHO, OIHAKO, PACCMATPUBATEL IPUOIHKCHHES HE CBI3aHHBIE JKECTKO CO 3HAYC-
N (g

mustMu QyHKIMN B HAbope ToueK. B gactHOCTH OoTpe3ok psama Teitnopa-Makmopera Y w (x—x0)F Moxer
k=0

JIOCTATOYHO XOPOLIO HPUOIMKATH (BYHKIIMIO B OKPECTHOCTH TOUKH pasdjoxenus To (¢ rounocrbio o((x—z0)N) )

U, DU 3TOM, HE ObITH CBA3AHHBIM ¢ WHTEPIOJAIUOHHON Tabunell (OH ONpeenaeTca UMb, 3HATCHUAMEA TPOU3-

BOJHBIX B ONHONW €IMHCTBEHHON TOUKe o). OTpesok pana Teitnopa-Makaopena mpeacTapageT co0OH OAuH W3

criocoboB annpokcumayuu. Bostee obimuMu anmpokcuManuaMu BIag0TCH annpoxcumayuy Ilade [6].

IMycrs dyukuus f (Boobue roBOps KOMILIEKCHO3HAUYHAs) 3adaHa csouM DsyoM Teiiopa. dus yaobersa

6yﬂeM CUUTATh, 9TO TOYKOI pa3aoxkenud ABJadgeTCa Hy/Ib:
HOEDPEE (4)

Ha 3TOT psim MOXKHO CMOTpeTh W Kak Ha (HOPMANBHBIA (T.€., BOSMOXKHO, W HE CXONSIMACA HATAE HU K KAKOM
dbyukuun).
JanuM cHavaia peIBapuTeIbHOE OIPENENeHNE, 3 TOUHOE — HECKOJIbKO TO3KE.

"Hausnoe"onpenenenue. Hasosem [L/M]s-annpokcumayued Ilade orHOmEHNE ABYX HOIMHOMOB

/M)y =" | =1, (5)
z%)QiZi

L .
> pit
0

pazmoxenue B pan Teiisopa KOTOpOro, coBmaiaer ¢ nepBbiMu KoddduiinenTaMu paaa f HACTOIBKO, HACKOIBKO
9TO BO3MOXKHO.
Bcero mbr umeem L + M + 1 cBoGoaubix napaMerpos (T.K. go = 1), cienoBaTesbHO, MOXKHO HAJEAThCs Ha, TO,

9TO WX BBIOOPOM yAACTCH JOOUTHCS BBITIOJIHEHUS CEMYIONIErO PABEHCTBA

L .
D eirt =S 4 O(FTMA) (6)
i=0 S iz
i=0
IIpumep. IlycTn
Fz) =1 1 n 1, 1, n
z) = 52t 32" — 1%

Jlerxo BumeTH, 9TO

110 =1 5= f(2)+0(F) . 0/l = 1 = £2)+ 0
[1/1]]«:%:(1+az)(1—bz—|—b222—-~-):1+(a—b)z—|—(b2—ab)z2+--- ,
orkyma a —b=-1/2, b(b—a)=1/3 ,Toectrba=1/6, b=2/3 | m
1+
11y = 555 = 1)+ O()
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JoMmuOXK1M paBercTBo (6) Ha ToaHHOM Q).

M oo L
Z ¢z’ Z 2t | = Zpizi + O ML (7)
=0 =0

=0

L+1 L+2 ZLJrJVI

Samerum, 9T0 KOIGDUIMEHTHI IPU CTEMEHAX 277+, 2775 « .., pasabl Hys110. Cocanraem KOO QUITUEHTbI

IpY 3TUX CTeleHsdX, nojaoxus ¢; = 0 npu j < 0.

L+1

z © o cpy1qot+cerqr+ oo+ en—m2qum—1 + co—m+19qm =0
A2 eppaqo g+ e msqu-1 + c—amr2qu =0, (8)
M cr+Mqo + CcL4m—1q1 + -+ cny1qm—1 +crgu =0

TlockOBKY qo MBI TIOJIOXKUIN PABHBIM 1, TO mmeem M ypapuenwnii Ha M Hen3BecTHBIX KOIPPHUITHEHTOB ¢;, KOTOPHIE

yI0OHO 3ammncaTh B MaTPUYIHOMN hopme:

CL CL—1 vt CL-M+2 CL-M+1 q1 CL+1
CL+1 CL o CL—-M+3 CL-—M+2 q2 Cr+2
CL+M—-1 CL4+M-2 = *° CL+1 CL qm CL+M

Ecnu onpenenurens MaTpuibl, GUrypupyomeil B 3Toi IUHEHHON crucTeme, He 0DpAIaeTcs B HY/b, TO U3 Heé
MOYKHO OTIpee/uTh Koaddurments ¢; . Haiina wx u npupapmubad B (7) Kosdbdumuenter npu 1, 2,22, -+, 21 |

HaxoouM u KO3 PUImeHTs moanaoma P :

Po = Co,
p1 = c1 + qico,

p2 = c2 + q1€1 + g2C0,

min(L,M)
pr=cL+ Z ¢iCL—i

i=1
Ilocnenrme nBe cucTembl ypaBHEeHUi Ha3bIBaOTCA ypauenuamu [laze.

Bameuanue 1. Ecin ykasanunaga cucrema paspemunma, TO Teilsioposckoe pazaoxkenue f cosuagaer ¢ [L/M]y ¢
TognocTBIO A0 O(2ELTMHL)

Sameuanue 2. Koadpduimenrsr ¢; MOryr ObITH TAKMMU, YTO CTelneHHOH psn (4) Besme pacxomurcs (pamuyc
CXOJMMOCTH DaBeH HYJIIO) U aBjsdercd dbopmasibibiM. OJHAKO OPU 9TOM, CKaxkeM, auaronanbhbie (L = M) an-
npokcumaruu Ilame mMoryr cxomurcs npu M — oo kK Hekoropoil dbyuknuu F . Ha 3T0M OCHOBBIBaeTCS uaes O
TOM, YTO MOYXKHO C TIOMOIIBIO anmpokcuMarmit [lage mocTponTh aHAIOr aHATUTUIECKOTO MpOAoIKenus. 1o ecTs,
dbyuruug f Moxer ObITh 3aJaHa B HEKOTOPOI 00J1acTH, a ee annpokcumanyu [lage npu sTom cxopgarcs B Gosee
IIIUPOKO# 06JIaCTH.

Sameuanne 3. Orpesok psia Teitropa xopoino anmnpokcuMupyeT (DYHKIINIO JUINb B OKPECTHOCTH TOYKH PA3JIO-
JKEHUs, TOTA Kak anmpokcumaiust [1are 3agacTyro xopoiro npubmmkaeTr OyHKIWIO B 3HAYUTETHHO 00J16e TITHPOKOi

obsacTu.
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IIpuwmep. Ilycts
1+1iz
)=\ 5
1422
Orpesok psga Teitaopa dyuxnuu f U3 Tpex YIEHOB MPEICTaBIsIeT co0oi mapabosy ¥ Ha BEIECTBEHHOM OCU MTpPU
Z =T — 00 CTPEMHUTCA K OECKOHEYHOCTH, TOTIa Kak cama ¢yHkmma f(z) ocCTaercd mpH 3TOM OrpaHAYEH-

HO#. [1/1]-annpokcumanus Ilane mMeeT HOrpemHOCTh HUMIE He MPEBBIIAKNY0 8 IPOUEHTOB (B TOM 9UCJIe U HA

GECKOHETHOCTH).

2.2.2 JlerepmuuantHoe IIpencrasienue nmoamaomosn Ilage

3amernM, 4To cucrema (8 JId OIIpeneJICeHUA BEJINYUH (¢; IIO3BOJIACT NIPEAbABUTHD HEKOTO bIi MHOTOYJIEH
’

CL+1 CL CL-M+2 CL-M+1
CL+2 CrL+1 CL—-M+3 CL-M+2
A[M/L .
QMM ()= ... L N
CL+M CL4+M-1 CL+1 CL
1 o LM-1 M

KO3 DUIUIEHTHI KOTOPOTOo 3TOH cHucTeMe yA0BIeTBOpsaoT. Ompenennm Ternepb COOTBETCTBYIOITHI MHOTOUYIeH P [L/M]

N3 COOTHOIIIEHU A

L/]\/I § ¢ Z [L/M]f( ) O(ZL+M+1) ) (9)
Nmeem
CL+1 CL CL—M+2 CL—M+1
CL42 CL+1 CL—M+3 CL—M+2
[L/M]f E ¢t =

CL+M CL+M—-1 " CL+1 CL

Z CjZl Z C¢Zl+1 Z Ciz]\lqtzfl Z CizMJrz

i=0 i=0 i=0 i=0

L+1 L+2

JIOMHO>KMM TIEPBYIO CTPOKY HA 2 U BBIUTEM €€ U3 IociieiHell cTpoKu. Bropyio CcIrpoKy HOMHOXKHUM HA 2 u

L+M 1 BBIUTEM U3 HOCJIe,ELHefI CTPOKH.

TaKKe BBIUTEM U3 MOCAETHEN CTPOKU U T.n. M-yi0 CTPOKY JTOMHOXKUM Ha, 2
B pesymbprare B KaXK10#1 cymMMe B MOCJIEIHEH CTPOKe OyIyT OTCYTCTBOBATH YJIEHBI CO CTENMEHIMHU 2 paBHbiMu L+ 1,
L+2, ..., L+ M. Ecan tenepb BbILOSIUTH U3 ITOCTAETHETO OMPEICTUTEN BCE TIEHBI 0 CTEIIEHN P BKJIFOUHUTENBHO,

TO OH TIPEJICTABIICTCI B BUJIE

24

CL+1 CL CL—M+2 CL—M+1
CL42 CL+1 CL—M+3 CL—M+2
+

CL+M CL+M-1 CL+1 Ccr
L o L-1 ] L—-M+1 ) L-M o
Z CiZl Z CiZH_l E CiZJV[-H—l Z CiZZM—H
i=0 i=0 i=0 i=0

+O(ZA4+L+1) — P[L/M]f(z) +O(ZA4+L+1) )



Urak, nokaszano npexacrasienue (9). Muaue rosops JokazaHa

o0
Teopema. Jas a06020 pada Y ¢;z" cywecmeytom makue nosunomv, P u Q cmenenet ne evwe L u M, coom-
i=0
B8EMCMBEHRHO, 4MO
o]

Q(2) Y iz’ = P(z) = O(z" M) (10)

i=0

3aMeTuM, 4TO P J0KA3ATEIbCTBE BO3MOXKHOCTH NpeacTaBienus (7) Mbl HUTIE HE MOJb30BAIUCH TEM BbIPOKIEHA
WJIA He BBIPOXKIAEHA MATPUIIA COCTABIEHHAA W3 KOYPDUIMEHTOB C;.

Onpenenenne. OnpeneanTens

cL CrL—1 vt CL-M+2 CL—M+1

~ CL+1 crL vt CL—-M+43 CL-—M+2

Q[L/MJ (0) _ + + +
cr+mM—-1 CL4+mM—-2 " CL+1 CL

Ha3bIBAETCS OTPEACTUTEIEM XaHKe.
OrMeruM, 9TO U3 HAIMMX PACCYKICHUN CIEYET CIPABEIJINBOCTD CIAEAYIONEH TEOPEMbI.
Teopema. Ecau QIL/M] (0) # 0, mo cywecmeyrom eduncmeertbie (¢ MOYHOCBIO 00 MHOHCUMEAR) MHO20ULE-

not P(2) u Q(2) cmeneneti ne evvwe L u M coomeememeenno, maxue 4mo

icizi _ P(z) = O(zMFL+1)

Hpuvep (HemocTaTkn HawBHOTO Momxona). Iloctponm [1/1]-anmpokcuvarmmto ais f(z) = 1 + 22, TpeGyerca

JOOUTHCA PABEHCTBA,

z .
DIPE 142400,
Go + q12
OTKYZIa
po+piz=q+qz+qz"+0(2*),
uqyo = Ppo, P1 = q1, 70 ectb [1/1] = 1 m mocraBnennas 3amada pemennit He mMeer. OOpaTHMCs Temepb K

JIETEPMUHAHTHBIM (DOPMYJIaM.

- cy ¢ 1 0
Q[l/l] = 2 1 = =z 5
1 =z 1 =z
- c c 1 0
P[l/l] == 2 ! = = Z .
co+ciz coz 1 =z

Y6eaumcs, uro paBeHcTBo (7), TEM HE MEHEe, UMEET MECTO:
2(142%) —2=23=0(2") .

Hanum Temeps cTporoe ompesenenne annpokcumaiuit [lase.
Omnpenenenne. Iycte P u Q) mommaoMBr cTeneneit He Bene L u M, coorBercreerno, Q(0) # 0 m
P

torga orromenne P/() naswBaerca [L/M]-ammpokcumanueii Taze.

f(z) = 0"+
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OTMeTHM HEKOTOPBIE JIETKO MPOBEpSeMBIe CBOMCTBa anmpokcumanuit [lae.

Teopema. ITyemv g = [~ u f(0) # 0, moada [M/L], = [L/M]¢, npu ycrosuu, wmo zoms Gb. 00na u3 smus
annPoKCUMaUUT CYUecmeyen.

Hokazarenberso. [Iycrs, ckaxkeM, cymecTsyer annporenMarust [L/M]y, rorma [L/M]f(z) = gfw((zz)) H 10 yCJI0-

Buto Pr(0) # 0, nockonsky [L/M]s(0) = f(0) # 0 u, cienosarensHo,

_Qulz) _ Pr(2) — f(2)Qm(2) _ 5 14mr1
O R = f@Re o)

)

9T0 U TPeOOBAJIOCH JOKA3AThH.

Teopema (MHBAPUAHTHOCTDH IHATOHAILHBIX AMTPOKCUMAIMAN MPH APOOHO-THHEHHBIX TPeoOPA30BAHUAX COXPa-

HAIONUX HA9as10 Koopaunat). [Tyemoy w = 195 . Hoaosicum g(w) = f(2), moeda [M/M]4(w) = [M/M];(2) npu

YCAOBUU, MO TOMA Obt 00HA U3 IMUL ANNPOKCUMAYUT CYULLCTNEYEM.

HoxazarenbcTBo. [lycTh cylecTByeT ammpoKCUMAIINs

M
k
arw
(MM () = =5 o) + O(2MH)
Z bkw’f
Brenem nosmuoMbl Ay m By mo z crenenn He Boime M:

M M

Alz) = (1+02)M Yy, <lsz>k , B(z):(ubz)MZbk(lbe)k ,

TOrJa1a
A]u (Z

BA](Z)

~—

= f(z) + O(z*M*1)

nockosbky 0 mepexoaut B 0.
Teopema(MHBAPUAHTHOCTD JUATOHAIBHBIX AIIPOKCUMAIMI OTHOCUTEIBHO JAPOOHO-THHEHHbIX DyHKUIMiT). [Tycms

9(2) = ZIZ}‘((;)) u ¢+ df(0) # 0, mozda

_a+b[M/M]
[M/M]4(2) = W )

ecau [M/M]; cywecmeyem.

JlokazaTebCTBO.

a+b[M/M]s(z) _ Pu(2)
c+dM/M]y(z)  Qu(z)’

rae Py u Q) momunoMmbr creneru ve Bhimie M, npudem Qs (0) # 0. CiemoBarenbHo,

Pu(z) _ o (be—ad) {(IM/M](E) = FE)Y g anriny
Qu(2) fe dM/M ()} (e + (=) |

2.2.3 Annpokcumariuu [lage B 6eCKOHEYHO yJaI€HHOI TOYKeE

IIycTs

— /
k
F&) =) S
k=0
— dopMaNbHBIH psia 0 00paTHBIM creneHsiM z. llocraBum ciaemyromtyto 3agaqy. Ilycts N — marypansuoe. Tpe-

Oyercs HaiiTu mHOrowieH Qn # 0, deg@Qn < N, Takoil 4To

Q) = Pr(2) = g+ (11)
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riae Py (z) — nomuroMuaibHasi 9acthb psaga Qn(z) f(z).

Pemenue sroit 3anaun cymecrsyer u degPy < N. Eciu napa (Py, QN ) He equncrBeHHa (HE TOJBKO € TOYHO-
CTBIO IO MHOKHATEJS), TO T€M HE MeHee OTHomeHne Py /Q N Onpenensier ofHy U Ty Ke PAIHOHAIBHYO (DYyHKITHIO
st moboit naper Iage. JeficTBATEIRHO, TYCTh

C/ C//

Q) = Po(e) = —gpr o0 QR(F) = PR(2) = —gr -

TOTIa JJOMHOXKWB TIepBoe paBeHCTBO Ha Q' (z), a Bropoe Ha Q' (z) ¥ BBIYTSI BTOPOE U3 TIEPBOTO, MOIYINM

Q(PR(:) = QRPN () = <+ |

U, TOCKOJIbKY, B JIEBOH 9aCTH paBEHCTBA CTOUT MHOTOYJIEH, a B TPaBOil Pa3IoKeHne UIeT JUIThH M0 OTPUNATEILHBIM
cremensM z, moaydaem, uro Q' (2) Py (z) — QN (2) P (z) = 0.

Ornomenne 7y (z) = Qn /Py HaswBaerca N-o#f muaronambHON anmpokcumanueii [age psna f. fcho, 9ro
v (f(1/2),2) = 7n(f(2),1/2).

Ecnu mna mob6oii N-oii napet Iage deg@Qn = N, to ungekc N HasbiBaoT nopmasvhoim (s paaa f). Muo-
JKECTBO HOPMAJIBHBIX MHACKCOB 0603HauMM A(f). YCTAaHOBAM NETEPMUHAHTHDIN KPHUTEPHI HOPMAILHOCTH. I1yCcTh

HQ =1mu
foo fr ... fna
Hy = fi fo ... In

fn-1 v .. fon—2

— onpezenuresn XaHKes, IOCTPOeHHbIE 10 psxy f(z).
Vreepikaeane. N € A < Hpy #0.

Hokazarenscrso. Uuneke N =0 scerga nopmaned (Hy = 1). IIpy N > 0 3auuniem B sBHOM BUJe CUCTEMY

N
NIMHEHHBIX ypaBHEHMH 171 onpejesenns KoabdUImenTos g, MHorodwaena @y . Hyets Qn(z) = > @2t ,
k=0

TOrJIA YCJIOBUS PABEHCTBA HY/II0 KodduimenTos mpu crenerax (1/z)", n=1,2,..., N UpUHUMAIOT BUJL
Jogo+ figi +.. 4+ fnan =0,

figo+ foqu + ...+ fyy1gn =0, (12)

fn—igo+ g+ ..o+ fan—ign =0 .

Ecmu N € A, 1o cymecTByer HeHyIeBOEe pellleHne BBIMUCAHHOM cucTeMbl ¢ gy = 0 u, ciaemoBarensuo, Hy = 0.
Mycrs Teepp N € A . Torna 1o onpeneneHuo HOpMaabHOro uHaekca cucrema (12) ¢ gy = 0 umeer auib
TpUBHAJBHOE perenue, modromy Hy # 0.

OTMeTrM HEKOTOPBIE JIETKO TTPOBEPSIEMbIE CBONCTBA, HOPMAaJBHBIX MHAeKCOB. Kem N € A | to N-as mapa
Mane exurcTBeHHA (C TOYHOCTHIO J0 YMHOMKEHHS HA OTJIMYHOE OT HyJs YUC/IO), MHOrOYIeHbl Py u QN 1pu
9TOM B3auMHO TpocThl 1 degmy = N.

Cureyroniiee yTBEPKIEHHE MTOJTHOCTHIO OIUCHIBACT CTPYKTYPY MOCTIEI0BATEIbHOCTH JHATOHAIIbHBIX AIIPOKCH-
vanwuii [lage — 3ra mocsenoBaTeIbHOCTh OKA3bIBAETCS COCTOUT TOJBKO M3 ANPOKCUMAIH, OTBEYAIOMINX HOD-
MAJTBHBIM HHJIEKCAM.

Yreepxaenue. [lyctb N €A, J —uenoe, J >N u (N,JJNA=0, rorna w5 =my.
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JokazareancrBo. 3anuiieM 7y B BUie HecOKpaTuMoil apobu: my; = P/Q . ycrs degmy = r . ITockoabky

J & A, ro r < J. Tokaxkem, aro wamekc r mopmainen. Ilapa (P, Q) — r-as mapa Ilage u 7, = 7y (mo
nocrpoernto), degm, =7, r € A. dcno, uro r < N (MOCKONBKY HHAEKC © HOpMadgeH), npuaem (P, Q) — Takke u
N-ag mapa, u, CIeIoBaTeNbHO, TN = M.

3amerum, uro 3HaMenaresb [lage Qn(z) MOXKHO 3amuCaTh B BUJIE ONPEIETIUTEIs

foo fi o SN
i fa oo fyn
QN(Z): : : . :
fn-1 v oo fan—a
1 z 2N

Ipu sroM eciu cymiecTByer Takas obsactb F C R u koHeuHas Mepa f (HAMOMHHM, 9TO MEpa €CTh CUETHO
aJIUTUBHAS HEOTPUIATENbHAS (DYHKIUS MHOXKECTBA, KOHEYHOCTb MEPBI 03HAYAET 9TO ee 3HAUEHUE Ha BCEM MHO-
xkectBe F| rme ona onpenmenena, koreano: ((F) < 00) , 9TO BETUYHHBL fj, MPEACTABIAIOT COOOH e MOMEHTBI, TO

ecrb fr = [ oFdu(x), k=0,1..., 10 Mporowiens QN ABIAIOTCA OPTOIOHAILHBIME C MEPOIL fi:
F

/QN(IE)QM(I)du(:L') =0, N#M.

IToapobree 06 OpTOTOHAILHBIX MOJIUHOMAX cM. B Tyase "Uwnciennoe narerpuposanue’. Cama 3a1a9a 0 HaXO-
JKJIEHUYM MEPBI [t TIO 33JaHHON TTOCIeI0BATEILHOCTH YUCes fi, HazbiBaeTcs: mpobeMoit MoMeHnToB. B 3aBucumocTu
ot obnacTn MHTErpupoBanus F' BBIIEASIIOT 3 KIACCHIECKUX CIIYUas:

1) F = R — upobsiema momenTos 'amGyprepa;

2) F = [0,00) — nipobaema MoMeHToB CTHIBTHECA;

3) F = [0,1] — nmpobaema momenTos Xaycmopda.

OTMeTHM B 3aKITIOYEHNE, 9TO ECTH IACHA { [ }§° ABAAOTCS MOMEHTAMH HEKOTODOH MEDBI, TO BCE ONMPEIen-
resnn Xaukenss H, Gonpme wyns. Ecau ke mocrenosarensuocts { fi}6° takosa, uro Bce H,, > 0, To npobaema

MomeHTOB [aMOyprepa paspermuma.
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I'maBa 3

Hucaennoe audpdepeHnnpoBaHme

EcrecrBennbim criocoboM nmpubukernoro muddepenupoBanud aBisgercs nuddepeHmpopanme He camoi QyHK-
AU, & UHTEPIOJIANHOHHOTO TIOIUHOMA W CILTaHa MOCTPOEHHOTO TI0 e TaDJIMYHBIM 3HadeHnsaIM. MOXKHO TaKkKe
muddepennupoBars annpokcumarun [1ajge u Boobiie Mpon3BobHbIE AIIIPOKCHMANH (DYHKIUN, [IPOU3BO/IHBIE OT
KOTOPO# MBI XOTHM ONPENeSuTh. BOMpoc Muinb B TOM, KAKOBBI 3aTPATHl ¥ KAKOBA TOYHOCTH TAKOro auddepen-

IUPOBAHUS.

3.1 IuddepernupoBanre MHTEPIOJIANMNOHHOTO MOJIMHOMA

CaMbIM TTPOCTBIM crtocoboM mpubiaukentoro auddepernupoBanns GyHKIUA sBasgeTcs TuddepeHnupoBaHne nH-
TEPIOJISIUOHHOIO TTOJUHOMA, TIOCTPOSHHOTO TI0 HEKOTOPOH CeTKe ee 3Had9eHuil, KOTOPbIil yI0OHO MpPEeICTaBUTh B

dopme Hoiorona
N N k-1
plx) = ZfOIQ...ka(l’) = Zfom“,;g H(x —x;) .
k=0 k=0 i=0

Ero n-as mpowsBoanas mMmeeT B
n

P (z) = n!{fOL..n + [;0(1 — )] for..m1+

Jj=n-+1

+[ Z (fv_xi)(x_xj)]f01...n+2+...}. (1)

§>i>0

HOCKOHbe IMOTrPEMTHOCTD MHTEPIOJIATNOHHOTO IIOJIMHOMA €CThb

_YE) T
f(z) —p(z) = W g(ﬂf - i),

TO TIOTPEITHOCTD AU PEPEHITNPOBAHIS OIIEHUBACTCSA BLIPAXKEHHEM

[1fN ]|

(n) _ (n) N RIER (% N+1—n
() = p'™(x) const(N+1_n)! ]

max[x — x; ,
K2

TO ecTb, Kaxkaoe nuddepennuposanne Ha OQUH TOPAIOK CHUXKAET TOYHOCTh. Ecmu ke B (1) ocTraBuTh TOMb-

n

KO TIEPBBIA 9JI€H, TO MOCKOIBKY MOPSIOK TIOTPENTHOCTH OMPEMENSIeTCS MePBhIM OTOPOIIEHHBIM WIeHOM Y (T —
i=0

2i) fol..nt1 , HOIYIaEM CIEAyIOMEee NPUOIMAKEHHOE BBIPAXKEHUE M IIPOU3BOJHBIX

n

™ (z) ~n! {fol.,.n + O(Z(I - zz))] : (2)

1=0
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MMycrs h = maxh; , tne h; = zj41 — x; - U3 (2) BuOHO, YTO pa3jeNeHHasl PA3HOCTh N-TO IOPSIKA,
K3
JIOMHOXKeHHast Ha n! |, annpoKCUMUDYeT IPOU3BOAHYIO N-ro mopsiaka ¢ rognoctbio O(h) . delictBurensHo, ecuin
n
x € [0, Tp] , TO MAKCUMYM MOZYJS CYMMBI Y (Z — ;) JOCTHTAETCA B OAHON M3 TOYEK & = To WIH & = Ty U
i=0
1

HE TIPEBOCXONNUT BeMuduHbl h + 2h + ...nh = %h .

ITocKONbKY pasmeneHHas pasHocTb fo1.., HE COIEP:KUT CAMON MEPEMEHHOH I , TO BO3ZHUKAET BOIPOC: MPOH3-
BOJHYIO B KAKOI TOYKE OHA ANPOKCUMUPYET TOUHEE BCETO? DTA TOUKA ONPEIEISIETCA YCIOBUEM PABEHCTBA, HYJHO

n n
[epBOro OTGPOILIEHHONO YJleHa, TO ecTh yciosuem » . (x — ;) = 0, orkyna . = y_ x;/(n+ 1) , u upejcras-
i=0 i=0
qser coboil TTONOXKEHNE TEHTPa MAacC TOYeK Tg,T1,...,Ln . B 3TOH TOYKE MOPSIOK TOYHOCTH MPHUOJIVKEHHOM
IPOM3BOIHON N-ro TIopsAnKa Ha eauruy Bomre u pasen O(h?) . Ecmm xe B (1) ocTaBUTh IBa TIEpPBLIX HjeHa,
TO TIOPAZIOK TOYHOCTH TaKoil bopMysl pubmzkennoro muddepenmuposanns 6yger O(h?) . Ilpu atom B ABYX
j=n+1
TOYKAX, OIPEIEJISEMbIX KaK KOPHU KBaIPATHOIO ypaBHenus  » . (z—x;)(z—x;) = 0, To4nOCTH GyeT Ha HOpsi-
§>i>0

JOK BbITIe. AHajorumdHo, k-unennas dbopMymna umeeT mopagok touroctn O(hY) | Toukn mopbmenwHoit TowHOCTH
€CTh KOPHU yPaBHEHUs K-To NMopsaka. Pemarh Takoe ypaBpHEeHUE B, JIH IEIeco00pa3Ho, OMHAKO, KAK HETPYIHO
3aMETHTh, €CJIM TOYKA & TAKOBA, 9TO Y3JIbl X0, T1,-..Lptk—1 PACIOJOKEHB OTHOCUTETBHO HEE CHMMETPHIHO
n k HEYeTHO, TO 9TA TOYKA SBIAETCA TOYKON NOBBINEHHONW TOYHOCTH. Pasymeercsa misi mpOM3BOJIBHON CETKH,

TAKOE YCJIOBUE, KaK IPABUIo, He peanusyercd. OIHAKO Takas TOYKA 3aBEIOMO CYIIECTByeT (IpU IPOU3BOJLHOM

k), eciiu miar CeTKu MOCTOSIHHBIA U HAXOIUTCS OHA MOCEPEANHE MEXK Ly KpailHuMu y3aamu: T = (To+ Tpik—1)/2.

3.2 KoneuyHnble pa3HOCTH

EcrecrBenubiM criocoboM onmucanus IpUOIHKEHHOTO AudhepeHInpOBaHns HAPSIIY C PA3/Ie/IEHHBIMU PA3HOCTSIMUI
SIBJISIETCS MCMOJB30BAHNE KOHEUHBIX PA3HOCTEH.

Iycrs f(z) € C, obo3naumm vepes Az = h TpHUpAIIEHUE APTYMEHTA.

Onpenenenne. Beipaxenne Apf = Af(z) = f(z+h) — f(z) masemaerca nepeoti pasnocmvio (AT KOHEWHOT
DAZHOCTIBI0 NEP6020 Nopadka) mara h dbyukuun  f(x) .

KoneuHbie pa3HOCTY BBICHIMX HOPSJIKOB OMPEIETUM €CTECTBEHHBIMU PEKYPPEHTHBIMU COOTHOIIeHUuIMY. VIMen-
Ho, nonoxum Ay, -, f = Ahn<AZ;h12...hn,1f) — KOHEYHAd Pa3HOCTb 7N-I'0 LOPAJNKA. JTO OLpENesIeHHe HE
3aBHCUT OT HOCJTIEIOBATEIbHOCTH TPUMEHEHUS CIIBUTOB N :

AVPTR T AzilhiQH-hinf’ rae {i1,i2,...,9,} — TPOM3BOJIBHAS MEPECTAHOBKA MHIECKCOB 1,2, ...7M.

OTrMeTuM CBsi3b KOHEYHBIX PA3HOCTEHN ¢ MHOrowreHamu. llycrs p(az) = aN:rN + aN,lajN_l + ... + ag —
MIOJIMHOM cTerneHu [N, Toroa

a)A}Iylhzthp(x) = Nlaxhihs ... hy = const;

S)ANT! o) =0,

HoxkazarenbcTBo. JocTarouno yoeauThCa B TOM, UTO

A @ =N(N=1)... (N —k+Dhiho.. .hpa™* | k<N

1k

JleficTBUTETBHO,

N
B = (o4 b)Y = = 3 Kok <Y — NyaV
k=0
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[puverum Teneps Ap, K Ay, z™:
AL 2N = Apy (Ap,2™) = N(N = DhihoaV 72 4.

U TaK jaJiee.
3aMeTuM, 9TO 3TH CBOHCTBA AHAJOTHYHBI COOTBETCTBYIONIMM CBOMCTBAM pa3eNEeHHBIX PA3HOCTEH: po1.. N =
const , po1.N+1 = 0 . YKazaHHOE CXOJACTBO PA3JAEIEHHBIX M KOHEYHBIX PA3HOCTEH HE OrpPAHUYMBACTCS ITHUM.
Iycrs mar h mocrosmHbI, 0603HadEM AF = AI;L/”L. _pyy TOrAa
—

k

AF
Kl for..x = Tfo .

rne AFfy = AYf(2)|p=s,. deiicTBurensuo fo; = % = % . Hanee mocrynum 1o muayknuu. Ilycts mpu

WHIEKCEe PABHOM kK — 1 PaBEHCTBO MMEET MEeCTO, TOTIa

_ fieek = fork—1 (k—l)llh’“* (AR fr = AR fo) AR
o Tr — T o kh T klhk

fOl...k

3amMeTuM, UTO HAIPAIHMBAIOIIEECs OOOBIIEHUE JJis HEPABHOMEPHON ceTKH (HEIOCTOSHHOIO I1ara), a UMEHHO pa-

AR
hihg...kp Jfo

il ho— ; OY€BHUJHO, HE NIMEET MECTa. IIpemocrapasgem gutareno ybe-

BEeHCTBO Beau4uHbl k! fo1. , OTHOIIEHHIO
JIUTHCS B 9TOM CAMOCTOATENbHO (6e3 BCAKUX BbIYUCIICHHI!).
Nrak BBesen oneparop A feiicreytomnmit Ha dyukumio f(z) mo mpasuny Af(x) = f(z+h)— f(x) . Ormernm
JaJibHeHIe CBOMCTBAa KOHEYHBIX PA3HOCTEIl:
1) JIumeiirocrs: A(af + Bg) = aAf + fAg ;
2) AR(ALf) = AFHF — AAKf);
3) Cessb ¢ mpomseoamoil: = = In(l+ A) .

ITocrennee papeHCTBO HOPMATHHOE W IOHUMATH €r0 HY?KHO B CIEAYIOMEM CMBICIIE
Af=explh-Lyf - f
=exp{h—}f —
P d y

rJe MOAPa3yMeBaeTcs, 9T0 f — aHAJTUTHYIECKAs, T.€., B YaACTHOCTH, PACKJIa ibiBaeTcsd B psj Teilopa u copmamgaer

C HUM B HEKOTOPOM KpYyTr'e Ha KOMILIEKCHOH IJIOCKOCTH

oo

flatn) =Y 4 (1) ) = explig 1)
>

Takum obpasom omeparop AudHEpeHITnPOBAHAS MOYKHO ¢ JI0O0i CTEIeHbI0 TOTHOCTH ATPOKCUMHPOBATDL KOHEY-

HBIMH PA3HOCTAMHA:

n 2 3 —_1)nt1AR
d_ww:i( A, A <1>A+) (3)

O0pe3asi 3TO BBIpaskeHHWe Ha TON wnm uHOM cremenu A | MOXKHO MOJYYUTH BhIpAYKEHWE JJIsI TPOU3BOSHON B

TOYKE & C JI000M CTemeHbI0 TOIHOCTH. 3 910t (popMyIbl, B 4ACTHOCTH, MOIYIAETCA CAEIYIONIee MPUOIHKEHHOE

(o h)—
DaBEHCTBO % o~ % = w , @ OCTaBJIAA /IBA YJIeHA DA3JIOKEHUHA, [OIydaeM

£2i<AA;)f_fll<2f(z+h)‘W2f(x)>

Boipakenus Jyisi IPOM3BOAHBIX BICLIMX IIOPSAJKOB BBIBOJATCA U3 (3), CKa)KeM BTOpas HPOU3BOAHASA MMeer

CITeTYIONIee TIPE/ICTABICHIE

d 1
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4) BoipaxKeHue MOCAeI0BATEIbHbIX 3HAYeH!H (DYHKIMK Y€Pe3 KOHEUHBIE PA3HOCTH:

k
fl@+kh) = Cin® f(z).
s=0

HoxkazarenbcTBo: /leiicTBUTEHHO

flz+h)=f(z)+Af(x) =1+ A)f(z),
flx+2n) =1+ A)f(z+h) =1+ A)2f(z),

fla+kh) = (1+A)*f(2)

k—1)...(k—s+1 9|
: s!( = (k,ks')!sg , IoJy49aeM HCKOMOe

k
k
u, packmapBag mo 6unomy (1 + Ak = Y CEA® [ tne Cf = (
s=0
BbIPAIKEHUE.
5) Boipazkenue KOHEUHBIX PA3HOCTEH 4epe3 3HadeHus DyHKIHUU:

k

AFf@) = Ci(=1)°f(x + (k= s)h) .

s=0

Joxazarenncrso. Ipencrasum A = (1 4+ A) — 1, rorna

Aff(a) = [(1+A) =1 f(2) = Y CR(1+ A5 (=1)*f(2) =

- icz(—l)sf(x + (k- s)h),
5=0
WU, PACTUCKHIBAS TTOAPOOHO:
A*f(z) = f(z +kh) — CLf(z + (k— 1)h) + CEf(z + (k — 2)h)+
+ .+ (DR f(2).
6) ®opmMyJia KOHEUYHbIX Hpupainenuii Jlarpanxa:
AFf(z) = (Az) ) (z + OkAT)

rme 0<O©<1u felCk.

JokazaTenberBo. JJoKa3aTenbCTBO ML 6yIeM IPOBOAUTH 0 HHAYKIWA. Basa nunyknun Af = Az f/(x+OAx)

UMEET MECTO B CUJIy TeopeMbl JIarpaHka O cpelHeM 3HAYEHHW TIPOU3BOMHON (HAmOMHUM, 9To 1y auddbepentiy-
pyeMoit Ha orpeske [z, z+ Azx] Gyukuuu reopema Jlarpanxka yTBEPKIAET, 4TO HA ITOM Ke IPOMEXKYTKe HalIeTcs

z+h)—f(z
S = Mool — p(e)

TOYKa &, TAKAsA ITO ,tne & € [x,z + Az] ). anee, myCTh Npu WHIEKCE PABHOM K

dopmyTa CrpaBeInBa;

AFf(z) = (Ax)* f®) (2 + OkAZ) .

Tornma
AFFLf(2) = AAFf) = A[fP) (2 + kOAZ)| ARz =

= AFz[f®) (2 + Az + kOAz) — f®) (2 + kOAR)] .
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IIpomomxuM 3TO paBeHCTBO UCIOAB3YA TeopeMy Jlarpanxa

= (Az)F LD (2 4 kOAZ + O'Ax) = (Az)FH FED (4 4 (kO + ©')Ax) .

k©+06’

Bnecy © <1 (paBmo kak u ©). Beegem ©" = 5,

TOraa MocaeaHasT (POPMYTIA MEPEINChIBACTCS B BIUIE
(Az) LD (4 4 (K +1)0"Ax) .

ITpu sToM, Kak HeTpyaHO ybemuThed, O < 1, takum 06pasoM (GopMy/Ia KOHEYHBIX TPHPAIIEHHN JOKA3aHA.

Caresiersue cpoiicrsa 6). f(F)(z) = ﬁ:{h +0o(1) .
Akf _ k

Heficrsurenbuo, tRor = f®)(z + OkAz) , orkyma yerpemisia Az — 0, noaygaem f5)(z) = AlimO 7(2:;‘)’2 .

3.2.1 Omneparop A u 06001IeHHAS CTEIIEHb

Omnpenenenne. OGOOIIEHHON CTEMEHbIO YNCIA T HA3HIBAETCST BHIPAYKEHNE

e =z —h)(@x—2h)...(x— (n—1)h), 2% =1.

Bamernwm, uro ecau h = 0, to zl = 2"

Csoiicreo. A*zl =n(n—1)... (n— (k — 1))hkzln=H

JlokazaTenbcTBO.

Azl? — (z + h)[”] L)
=(@+hz(x—h)...(t—=n=2)h)—x(x—h)...(x — (n—1)h) =
=z(zx—h)...(z—(n—2)h)[z+h—(z—(n—1)h)] = nha—1
npuMeHsas A eme pas, mosydaem
A%zl = A(AZMY = A(nha!"™ ) = nh(n — 1)hal"=2 =

=n(n—1)h2zl"=2

u Tak jajee. Takum obpasom, nmefictsue oneparopa A Ha 0OOCIIEHHYIO CTENEeHb aHAJOTHIHO nuddepeHInpoBa-

HHUIO OOBIYHBIX CTEIeHEe:

d*z" =nn—1)...(n— (k—1))z"*(dz)* .

3.2.2 NurepnoadaiuoHHbIii MHOTO4JeH HbIOTOHA OJis PAaBHOOTCTOAIINX y3JI0B

Ilycts B TOYKAX g, X1, ..., TN : &; = xg~+ ih, 3aganel 3uavenus fo, f1, ..., fn . PemmM 3anaay warepo-

JIAOWUH, TO €CTb IMIOCTPOUM ITIOJTHHOM

NHTepnonannoRHbIH TIOMMHOM, yIOBIETBOPAIONINI TabmmaHbvM 3Hadennsy {x;, f;}~ o, B dopme Hpiorona mveer

BHT

N
p(z) = Z.f012...ka(I) .

k=0
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% , upu srom Ny(z) = [ (z — ) = (z — 20)

Jasg nocroguaaOro mara h Bemosaneno: k!for k= , TAKAM
=0
00pa3oM pelleHne 330349 HHTEPIOJIAIUN IPUHIMACT BHI,
Afo 1 A? fy AN fo
P(x):foJrT(T/*Io)[l]Jr? B2 (x —x0) + N1 AN (& — o)™

BameTuM, 9To camMu ycsioBus (4) MOXKHO TaKKe MEepernucaTh B BUIE: Akp(fl?)|x:m0 = AFfy . JleiicreuTensHo, u3

CBOMCTBA 5) KOHEUHBIX PA3HOCTEH
AFp(xo) = p(ao + kh) — Chp(zo + (k — 1)h) + ... + (=1)*p(xo) =

= fh—Clfer+ ... +fo=AFf.

ITposepuM, 9TO MOCTPOEHHBIA NOJIMHOM P(X) JEHCTBUTEIHHO YAOBJETBOPIET YCIOBUAM UHTEPIIOISAIMN:
1) p(zo) = fo , uToO cneayer u3 GOPMBI 3ANUCH MOTUHOMA;

2) p(a) = po + S~

Hockonbky x, — x9 = kh , TO

k
(z — zo) W + .+ S8 (zk — @0)H 40

(z — x0)™ = kh(kh —h) ... (kh — (m — 1)h) = h™k(k — 1) ... (k — (m — 1)) ,

U, CJA€JOBATEbHO,

Afo,, Ao, LA o
pex) = fo+ = =kh+ SpehPh(k = 1) 4. 4+ S PR k(R = 1)1 =
2fo A*f
= fo+ Afok + Bk =1) 4.+ ook = 1)1 =

= Z CirA™ fo = (1+A)* fo = fi

m=0

10 CBOHCTBY KOHEYHBIX PA3HOCTEH.

3ameuanue. Eciu h — 0, To mojiuaom p(x) crpemurcs K orpe3ky psgaa Teitiopa dyskuun f | rak Kak B

TOM CJIydae Amff; — [ (zg) |, (x—x0 (ml 5 (2 — 29)™ u
(Az)

f//(xo)
2!

SN (x0)
N!

p(x) = fo+ f'(xo)(x — x0) + (z—z0)®+...+ (z —x0)" =

£ mo

N
Z (z —x0)" .

k=0

MoXHO MHTEPIOAAIMOHHBIN TOJUHOM 3aIMCATh TAKXKE B Cemyromeil (hopme:

p(x)=fo+quo+%A2fo+...+q(q_l)”}\;?_NH)ANfo,

rie q = “5* . JleiicTBuTebHO

(x —20)™ (2 —x0)(x— 20— h)...(x — 39 — (M —1)h)

hm hh ... h

:q(q—l)...(q—m+1).
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I'nmaBa 4

Hucnaennoe mHTEerpupoBaHuie

4.1 HaBoxagiame coobparkeHus

HpI/I HpI/I6JII/I}KeHHOM BBEIYHUCJIECHUN MHTErpaJioB BUOA

b
1= [ f@plyis .

rae [ — mATerpupyeMas QYHKIHUA, 0 — 6€C WIH 6€C06aA PYHKUUA CO CBONCTBAMEI

1) p € Clapy;

2) p wHTerpupyeMas Ha [a, bl;

3) p>0,
€CTECTBEHHO HCIIOIB30BATh CACAYIOMMii mprueM. IIpORHTepIoNInpyeM MHTErpupyeMyto GyHKIHIO [ ¢ HOMOIIBIO
uebbliescKoil cucrembl dynxiuit {@; ), 1o eé snauenuam f; = f(z;) B Hekoropbix yanax {x;}Y, npomexyrka

[a,b] . Torna GyHKIMO [ MOXKHO OPEJCTABATEL B BUJIE

N
flx) = aipi(a) +ry(e) (1)
i=0

rae rn(Z) COOTBETCTBYIOMIAS HEBSI3KA, & KOIDQUIMEHTH «; JIHHEHHO BBHIPAXKAIOTCA Uepe3 3HadeHus f; (cM.

N
" n. C— T1—1r. N
pasnen "Uurepnonsmua"): o; = Z{)[@ L-j fj , tme ® HeBBIpOKACHHAA MATPHUIA C memenTamu  @;(z;) . na
‘7:
N
yaobeTsa GymeM camTaTh, 9TO Gazuc B muHEHHON ofomouke \/ ¢; BHIOpaH TakwMm, 9TO Marpuna P emuHWIHAS,
i=0

TO ecTh «; = f; , TOTHA

N
1=0
IIe BBEACHLI 0003HAUCHHS
b b
5= [e@pe)s . R(r0) = [niptds. (3)

Ecnu B (2) orbpocursb norpemuocts Ry (f, p), To ocrasiieecs BhIpaxkeHue

35



b N
1= [ f@pl)ds ~ Y xif @) ()
v i=0

HazbIBaeTcs keadpamyproil dbopmynoil. EcrecrBenHo, 4TO miist TOro, 9T00bl MOXKHO ObLIO HUCIOIH30BATH KBAJIpa-
TYPHYIO (HOPMYITY, HEOOXOIUMO BHIOPATH IEOLIMIEBCKYIO CHCTEMY TaKAM OOpa30M, 9TOObI 6€ca \; KBaApaTypPHOIR
dopmysbl MorH OBITh cocauTadbl SBHO. OOBIYHO B KAYECTBE TAKOH CHCTEMbI UCIIOIB3YIOTCS TOJTUHOMBI.

3amevanune. B npunimne mobas 3anuchk Buga (4) (¢ TPOM3BONBLHBIMU BECAMH A;) SIBJISIETCS] KBaJIPaTyPHOI
GbopMyJIoi, OIHAKO EHHOCTL TAKOH (HOPMYJIBI MOXKET M BOBCE OTCYTCTBOBATH, €CIM 4YUCIa (Beca) A; BHIGDAHDI
HepazyMuO. KpoMe TOro, JOMOJHUTENTHHOW TOTHOCTH MOXKHO JOOMTHCA 33 cdeT 3(PPEeKTUBHOIO PACIOIOKEHUS
Y3408 T; KBAJIPATYPHOI (DOPMYJIbIL.

BosHuukaer ecTeCTBEHHBIN BOMPOC: A 9TO ABJISIETCS MEPOH TOTHOCTH KBAIPATYPHON (hOPMYJIBI, BEIH TPU UHTE-
rpUpoBaHuU paziuyibix GyHkuuil f norpemnocts Ry (f, p) Moxer ObITh CyIIeCTBEHHO pa3Hoii? B cBs3u ¢ 3TUM
€CTECTBEHHO BBIIEIUTH HEKOTOPBIH Kitace GyHKIWI, Ha KOTOPOM W MPOBEPAETCA BeJuduHa morpemtaoctu. Ecan
B KQUECTBE TAKOTO KJIACCA HCIOJB3YIOTCS TIOJUHOMBI, TO TOBOPSIT 00 aaredpanveckoil TOUHOCTH KBAIpPATypPHOU
bOopMyJTBL.

Omnpeneneane. Aazebpaunveckoli cmenenso MOYHOCIY KBAAPATYPHON (DOPMYIbI HA3BIBAETCS MAKCUMATBHOE
qucao M Takoe, 9TO MpU MHTErPUPOBAHUM JIIOOBIX MIOJTMHOMOB CTEIEHN He mpeBocxonsdameit M, mpubamKeHHoe
paBeHCTBO (4) IpeBpalaeTcs B TOXKIECTBO (T.e. HeBsa3Ka (norpermnocts Ry (f, p)) kBagpaTypHoii (hopMyibl pasHa
HYJIIO €CJIM B KAQUecTBe [ UCIOAb3yeTcs MOJUHOM Py crenenn k < M).

3aMeTuM, 9TO ecyii B Ka4ecTBe 9eDbIIIEeBCKON CHCTEMbI UCMOAB30BATh TIOIUHOMBI, TO MPHU YCJIOBHHU, 9TO BECa
A; cocuntannl TouHO (10 bopmyne (3)), KBagparypHasa dhopmyra (4) uMeeT anredpaNIecKyIo CTEMEHb TOYHOCTH
M we uuxe N | HOCKOJbKY Jisl MOJUHOMOB crerneru 10 N HeBaska Tn(Z) TOXKIECTBEHHO DABHA HYJIIO, TAK

KaK B 9TOM CJIy4Yae WHTEPIOJIANHOHHBIA MOJIMHOM MPOCTO COBMaaer ¢ f.

4.2 Ksagparypusie ¢popmynbsl Heiorona-Koreca

Ilyctb Bec p =1, 9 =a, zny = b . Vcnomssyem B Kauectse J4eOBINEBCKON CHCTEMBI  ;(Z) TTOTMHOMBI

Jlarpanxa:
pilz)=LP@) . L@ =] (z — ;)
) ’ " j#i (v —zj)
N .

rorga f(x) = ;}E%)(m)f(xz) +ry(z) m

N b

1= Nfw)+ / () |

i=0 J

rIe

Aiz/HMd@«, (5)

Ll — o
o JF (@i — )
T.e. BECa KBAAPATYPHOM (DOPMYIIBI MOTYT OBITH COCUUTAHBI siBHO. Cama, 2xke mosryueHHas hpopMysia TpUOInKEeHHOTO

WHTErPUPOBAHUS HA3BIBACTCS Keadpamyproti gopmyrot Hetomona-Komeca.
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4.2.1 Cuaydait paBHOOTCTOAIINX Y3J0B

TlonyunMm BbIpaxkKeHusi AJjid BECOB B CIydae PAaBHOOTCTOAINMX y3J0B. B 9Toil curyauum xx = x9 + kh , k =
0,1,....,N ,u
| v
[T -2 = @)@ — )7,
J#
njiain

ip (N—i) p

=i(N —i)(=)N ANV .

Takum obpazom

N
b T —xg— jh
\ (_1)N—7, /jl:lo( 0—J )d
_ x .
"N — Q)R (x — xg — ih)
a
[Monoxum *5* =¢q, a=1z0, b=2xN u 3amMerum, 4To % = % , TOTIA,

N
N I(e=1)

_ (=D j=0
’\"_i!(N—z’)!hO/dq g—i

OKoHYATETbHO, OOBIYHO BBOJAT HECKOJBKO Apyrue KOd(DDUIMEHTHI, Ha3biBaeMble xospduyuenmamu Komeca:

H; = ﬁ)\i , IPH 9TOM KBaApaTypHast (POPMY/Ia IPUHUMAET BHU/I

b N
[ @de = b= 03" Hifle) + B
s i=0
CsoiicTBa k03 pummentos Koreca H;:
N
i=0

2) H; = Hy_; .

JlokazaTenbcTBo.

1) IMockonbky kBagparypuas ¢opmyna Heorona-Koreca Touna Jjisi mOJUHOMOB CTEIEHH HE [TPEBOCXOASIIEH
N , T0, B 9aCTHOCTH, €CJIM B34Th B KadecTBe MyHKIMH [ DYHKIUIO TOXKICCTBEHHO PABHYIO 1, TO

b N

/dx:(b—a)ZHif(xi):(b—a)ZHi:(b—a) ,

OTKyZa CBO¥CTBO 1) ciielyeT HermocpejICTBeHHO.

2) Kosdpduuuenr H; pasen

—=

(a—17)

1 ( 1)N—i a
Hi= ——— dg?=>
Ni!(Nfi)!/q q—1

0

Ipua 3TOM
N .
IT(a—3)

N

1 -1 N—N+1i by

N (N —)!/(N — N +1)! g—N+i
0




IIpoussenem 3ameny mepementoit ¢ — N = —p , dq = —dp, Toraa

N

N
N Ile=5) v IT(N=-p=j) N '
j=0 _ j=0 _ (LN j=0
O/dqq_NH. O/dp_(p_i> (=1) O/dpp_i ,

orkyna Hy_; = H;.

4.2.2 Omnenka nmorpemnrHocTu KBajaparypubix ¢popmyn HeioToHa-KoTeca

Hng norpemsocTn naTepnonmposanns r(x) dbyHkumu () MHTEPIOIATHOHHBIM TOTHHOMOM pP(Z) y HAC OBLTO

[10JIYY€HO BbIpazKenue

_ fY )
r(z) = f(z) —pn(2) = m ~N+1(2)
N
rae rouka 7 3asucur or T : n=n(z) u Nyyi(z) = [](z —z;) . Takum obpazom
i=0
’ ’ f(N+1)( )
n
= n(x)dr = d )
[ ratorte = [T N )i
u
||f(N+1)||Cab
Bx(f1)] < [ ]/N e
B uwacrhocru, eciu  f(x) — sro noaunom crenenu deg f < N 10 Ry(f,1) = 0, To ecTb meficTBUTENHHO

kBagparypaasa dbopmyna Heorora-Koreca ¢ (N 4+ 1) y370M TOYHA 171 OIMHOMOB CTEMEHH He MPEBOCXOIATIEH

N.

4.3 ®Dopwmyasl IN'aycca-Kpucrodens

4.3.1 Ilpenennt anredbpan4deckoii CTEMEeHU TOYHOCTHU

BrisicuuM kakoif MoykeT ObITh asirebpamveckas crenedb TodHOCTH M KBazparypHOU dopmyasl ¢ L y3mamu

Tr1,X2y...,T
b

L
JECIEED SRERE (6)

a

YacTuyHbIA OTBET Ha 3TOT BOIIPOC JAET
JlemMma.
a) das w060l Keadpamypnot gopmyaes M < 2L — 1;
6) 0 6ot d i YL A 0; -
af 0000 dannol cucmemst Y3406 {X; i CYuecmsyom maxue A, ¥mo ai2e0pauieckas Cmenets mov
nwoecmu M > L — 1.

JlokazaTebCTBO.

a) Cuavasia npuBeseM HecTporoe paccyxienue. [logcuuraem ducao cBOGOIAHBIX TAPAMETPOB KBaJApaTyPHOM
dopmysbl. Ono pasuo 2L (L Beco \; u L yzunos x;). Ilosunom xe crenenu M comepxkur M + 1 napamerp.
ITpupasusiem stu Beauunnb: M + 1 = 2L, To ectb M He MoxkeT mpeBocxomuTh 2L — 1.

Crporoe ke JI0OKa3aTejbCTBO COCTOUT B TOM, YTO MbI IIPOCTO HPEJJIOKUM HOJUHOM cTeneHu 2L, st KoToporo

L
(6) e Mmozker 6bITH TOXAecTBOM. [eficreurensro myets f(z) = [[] (z — x;)]?, Torma f(z) > 0 u mockombKy Bec

i=1
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b L
p(x) HEOTpHIATENEH U HE PaBEeH TOXKAECTBEHHO Hy/O, T0 [ f(x)p(x)dz > 0, ¢ apyroii croponsr . Ak f(xy) =0,
a k=1

nockotbky f(xg) = 0.

6) BeemeM MOMEHTBHI
b

o= /xlp(x)dm .

a

Ecnu (6) — cTporoe paBeHCTBO JJisi TOJMHOMOB cTeneHu 10 M, TO JOJXKHO ObITh BBINOJHEHO:

b L
/.rlp(x)dx—cl=Z)\kx§€, l=0,1,...,. M

k=1

a
Bamernm, uTo 910 cucrema u3 M+ 1 mmreitHoro ypasaenus ua L aucen A. OHa CTAHOBUTCSA OJHO3HAMHO PA3PENH-
moii mpu M = L — 1, HOCKONBKY OIPEETuTENb 3TOH CHCTEMBI — OIPEJENNTENb BaHIEPMOHIA 1, CJIEI0BATENBHO,
OTJINYEH OT HYJsl, MOITOMY BECA A CYIIECTBYIOT UM €IMHCTBEHHBI. OTMETHM TaKKe, YTO SIBHOE BHIPAMKEHUE JIJIst
BECOB UMEET B/
b
o= [T = ptwte, @
S i (=)

410 ecrecTBeHHO coBuagaer ¢ (5) upu p(z) = 1.

Wrax, anrebpandecKkast CTENEHb TOYHOCTH HE MOYKET MPEBBINATh BeIuduny 2L — 1, a MOXKeT Jiu OHa PABHATHCS
sromy unciay? — da, moxer!

Oupenenenue. Kpajgparypabie dopmysibl Hausbiciiell anrebpandeckoil crenenu tounocrtu (M = 2L — 1) na-
3BIBAIOTCS K6adpamyproumu dopmyasamu Iaycca- Kpucmopena.

Baiimemcs mocrpoenuem dhopmyn Laycca-Kpucrodesns. Eciau y3/bl y2Ke M3BECTHBI, TO BECa MOXKHO Ay, OTIpejie-
JIUTHh MCIOJIBb3Y4 OlpeenuTens Bangepmonaa ( U moayuuThb Bbipaxkenue (7)), HO 9TO rapaHTupyer ajarebpaude-
CKYIO CTelleHb TOYHOCTH JIMIIb 70 3Hadenud M = L—1. 3HauuT BOIpOC 3aK/IH049aeTcs B "'paszyMHOM " paCIOIOKEHU K
V3JI0B T. JIJis perreHust 9Toi 3aJaYu HaM MOTPEOYIOTCS HEKOTOPbIE CBEAEHUsT 0O OPTOrOHAJIBLHBIX TOJHHOMAX

(KOPHH KOTODBIX M SABJSIOTC y3jaaMu KBaaparypubix dhopmyn Faycca-Kpucrodens).

4.3.2 OpToroHajgbHbIE TOJJTUHOMBI

Teopema. ITyemo sadana secosaa dynryua p co ceolicmeamu 1)-3), moeda 6 Lo, cywecmeyem u eduncmeenma

NOAHAA CUCTNEMA OPTNO2OHAADHDBIL NOAUHOMOB P,L(I‘) N

b
(Prs Pm)r,, = /Pn(x)Pm($>P(l’)d$: 6nM||PnH2L2,p )

maxas wmo degP, =n .

Hamomuanm,uTo crucTeMa BEKTOPOB {¢;} HOPMHPOBAHHOTO TPOCTPAHCTBA F, HABIBAETCA TIOSHON €C/iu HAW-
MEHBIIIee 3aMKHYTOE (T.€. COMEPIKAIEe BCe CBOM MPEAETIBbHBIE TOUKH) MOANPOCTPAHCTBO, comepxkamee {py} , ecTh
Bce F. B KOHCYHOMEpHOM HOPMHUPOBAHHOM MPOCTPAHCTBE BCAKOE MOAMPOCTPAHCTBO ABTOMATHYECKH 3aMKHYTO.
B GeckoneunomepHOM ciaydae 910 He Tak. Hampumep, B mpocrpancrse HenpepsBHEIX (ynkmuii Cl, ) (co cBoeit
HOpM™oit: || f]| = rél[ayl:)] | f(z)|) mommEOMBI 06pa3yIOT MOATPOCTPAHCTBO, HO HE 3aMKHYTOe. OTHAKO, B CHITy TEOPEMBI

z€la,
Beitepmtpacca, cucrema dbyukuuit {z¥}70 ) apngerca nommoit B Clay)-

JoxazarenbcrBo. JlokaxkeMm cyImecTBOBaHWE W €IUHCTBEHHOCTH 0€3 TpPOBepKu MOMHOTHL. IlpearbsaBum 3tu mo-

JIMHOMBI C TOYHOCTBIO JO MHOXKHTEJIA ABHO!
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Co C1 e Cp,
C1 Co . Cn+41
Pn(x) = An
Cn—1 Cn -e. Cop—1
1 z ... "

3mech, A, — HOPMUPOBOYHBIE KOHCTAHTHI. JJisi TIPOBEpKM CyIIECTBOBAHUA, HEOOXOAUMO yOEIUTHCSA, B TOM 9YTO

P, L ™, m < n. HelicrBuTenbpuo

Co C1 N Cp,

b b C1 C2 A Cp+1
/ImPn(x)p(x)dx =A, [ 2™ p(z)dr =
@ @ Cn—1 Cph ... Cop—1

1 T x”
Co C1 NN Cp,
=A4, =0,
Cpn—1 Cp, e Copn—1
Cm, Cm+1 oo Cm4n

ecau m < n — 1 (oupedenurens ¢ AByMs OAMHAKOBbIMU CTpoKaMu). Takum 06pasoM, OPTOrOHANBHbBIE 1IOJIMHOMbL

CYIIECTBYIOT.

ITockonbky cremenu x'™ nUHEHHO HE3ABUCUMbI, TO OPTOTOHAJBHBIE MOJMHOMBI MOXKHO TaKXKe€ MOCTPOUTH U

cTan apTHON npoueaypoi oproronamu3anuu (Fuiasbepra-Ilmuara):

1 x—(z,1 1
Pozi,Plz < >L2’p yeee
H1||L2,p ||1’7 <SC, 1>L2,p1||L2,p

-1
(L‘l — Z <.’El,Pk>L27pPk
_ k=1
P = -1
||zt — kZ:l(xla Pe)r,, PrllLs,

IIpoBepum Temneps enuuacTBeHHOCTD. [Iyerh cymmectByer apyroit monuaom Gy, cremenu k, takoit uto Gy L P,
k
1 =1,..., k—1. Pazmoxum ero mo cucreme Py: Gy = > ¢; P;. JIOMHOXKUM 9TO PABEHCTBO Ha P} ¥ MPOUHTErpUpyeM
¢ BECOM p TO OTPE3KY [a,b] (T.e. paccmorpum CKa.HH;;IOOQ npoussenenne), Torna {(gx, F)) = 0 = ¢; npu | < k n,
CITeIOBATENBHO (i = Cj Pr.
Bonpoc: A rue Mbl nCosnb3yeM cBoicrBa p7f

Jleno B TOM, uTO ecim p yhoBjeTBopser coiictsaMm 1)-3), To dbopma

b

o0 ba, = / f(@)g(@)p(z)dz

a

JEeHCTBUTENBHO OLpeiesdeT CKaJIAPHOe IIPOU3Be/IeHue.

40



4.3.3 CsBoiicTBa OPTOTOHAJBHBIX MOJUHOMOB

ITyTe 3amaHa cHCTEMA OPTOTOHAIBHBIX C BeCOM p mommHOMOB P, () . Cnpasennmsa
Teopema. Bee xopnu P, (x) eewecmeennvie, npocmoie u npunadaesicam ompesxy (a,b) .

Joxazarenncrso. [lycrs P, (z) uMeer k BelnecTBeHHbIX KOpHEH x; Ha orpeske (a,b) HedeTHON KpaTHOCTH.

ITonoxum

1, k=0

(@) = ﬁ(x—xj)7 k>0

j=1

rme kopan  x; € (a,b) B3aTbe (€3 ydeTa KPATHOCTH, T.€. BXOIAT B NMPOW3BEIEHWE TOJBKO OfwH pa3. Torma
npomssenenue Py, (x)qr(r) He MeHser 3Hak Ha npoMexyTke (a,b) , u, ciemoBaTeabHO,

b

/imm%mmwmI¢m

a
Opnako npu k < n  uHTErpan JoJKEH paBHATHLCE 0 B CHIy OPTOrOHAJILHOCTH P, mIOJIMHOMAM MEHbIIeH
crenenu. Takum obpasom k = n.
Teopema. Ecau anzebpaureckas cmenerws mowHocmu keadpamypnoti gopmyans ¢ L ysaamu x paena 2L—1 |
MO Y36l Tl — CYMb KOPHU OPTROOHAALHO20 noaunoma Pr(x) .
L
Hokazarenscrso. Ilycrs Nip(z) = [[(x — ;) , tne x; — y3ubl KBajparyphoit hopMyJIbl U mycTh €é anres-

1=

pamueckas cremenb TounocT pasua 2L — 1. Paccmorpum dynkmmio f(z) = Np(x)Pp(z) ,tme m < L —1

SABJSIONIYIOCS TIOJIMHOMOM CcTernenu He mpesocxofsmieit 2L — 1. Jlng takoit dbyHKImMM KBaapaTypHas ¢GhopMysia
TOYHA TIO YCJOBUIO, U, CIETOBATEIHHO,

b L

/ f@)p@)de =3 Flae)he =0,

2 k=1

b
10 ectb [ N (2) Py, (z)dx = 0, a smaaur N, L P, . Takum o6pazoM, N sIBIsSETCS] OPTOrOHAIBHBIM OIHHOMOM
U B CI/IJ’Iyae,JI/IHCTBeHHOCTI/I ¢ TOYHOCTBIO JIO MHOXKHTENA COBMAmaeT ¢ Pr .
ITycTs Temeps KOPHH Z; OPTOTOHANBHOTO monmHOMa Pp () SBASIOTCA y3IaMu KBAIPATYPHOH (DOPMYJTBI.
Ilokaxkem, uTo ajrebpam<deckas CTEIeHb TOYHOCTH KB3APATYPHOIT (popMybl MoxkeT paBHaATbCcsa 2L — 1. Ilpoar-
npokcumupyem yuknuto f(x) momunomom g(x) cremenm L — 1 1o ee 3HAUEHMSM B TOYKAX Tj

Lo o
o)=Y Fetite) o L) =2

- (2; — ;)

b b
Oycrs I = [ f(z)p(x)dz , J = [g(z)p(x)dz . Torna I = J , ecm [ — nomusoM cremenw g0 L — 1

BKJIIOUUTENBHO, TOCKOJBKY B 3TOM caydae f = ¢ . Ho ecim f — mojguuom crenmenu no 2L — 1 | To pasHOCTh
IOJMHOMOB f M ¢ TakyKe IOJIMHOM CTeleHu He mpepocxopsmeit 2L — 1, npuuem (f — g)|o=e; = 0, 1,
CTIeIOBATENBHO, CIPABEINBO TpeacTapaenne f — g = Prqp_1, Tae qr—1 — HEKOTOPBI MOJWHOM CTENEHH 0
L —1 . Torna

b b
1-7= [ @) - glallde = [ po)Puehas-a(w)iz =0,
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TO ecTh ajredpanmdecKas CTEMeHb TOYHOCTH KBAJApATypHOIl (popmynsl pasua 2L — 1 | ecim eé y3ibl — KOpHH

OPTOrOHAIBHOTO ToMrHOMA. Beca mpu 9ToM paBHBI

/ﬁk da:—/H ;k__a; p(x)dx

OTMeTuM, U4TO KOPHU COCEIHUX OPTOIOHAJBHBLIX HOJUHOMOB Pp u Pr_1 pasaudbl (Ha CaMOM JI€JI€ MEXKIY

JBYMS TIOCJIETOBATENHPHBIMU KOPHAMHU T; W T;41 HOJUHOMA P;  Jj€XuT POBHO ONWH KOPEHb &; ITOJIHHOMA

PL(I)PLfl(ZE)
(z—=zk)

P11 ). Heiicteurensho, nycrs  fi(z) = , rorga degfr = 2L — 1 u ¢opmyana Faycca-Kpucrodes
C y3JIaMU  T; , ABJAKOMEMUACA KOPHAMHE TOJUHOMa Pp , 174 Takoil dynkmum touna. OHa, KaK JIETKO YBUIETD,
OpUHAMAET BUT

b

a

p(z)dz .
ITycts a; — crapine K03 dUIMEHTH OPTOTOHATIBHBIX TIOIMHOMOB P, | Torma

Pr(z) =ar H(x —x;), Pr_1(z)=ar_1 H(a: — ;) ,

" CIIpaBE€AJIMBO IIPDEICTABJIEHUE

Pr(x a
Prlz) - L Pr_q(x) + qr—2(x) ,
T—xp  ap—1

rae qr—2(x) — HEKOTOpPBIH mojuHOM cTenenu He Bbie L — 2 . Takum o6pasoM, ¢ y9eToM OPTOrOHATBLHOCTH

b

1 " arg, 2
A = P;_(x)p(x)dx =
* Pi(:ck)PLl(xk)/aLl L @pe)de = o Py ()

a

ar||Pr-1ll7,

HO TaK KaK A 7 00 (JIJ1sl BECOB y2Ke [OJIY4YeHO siBHOE Bbipaxkenue (7), 1a U KPOME TOrO, 3Hasl y3Jbl, BECA MOXKHO
OZIHO3HAYHO ONPENENUTh Yepe3 onpenenuTens Bangepmonna), to Pr_i(zy) # 0 , w 3HAYAT HU OMWH W3 KOpPHEH
monwHOMa, P; He MOXer aBAATbCs KopHeMm mojuHOMa Pr_; . TlomyTHO MBI HANLIM W APYTOe BBIPAYKEHWE IS

BECOB A\ .

CsoiicTBa Becos

1) A > 0.
N ()

T—T

2
Joxazarennscrso. [ycrs  fi(z) = [ } . 910 mosmHOM crenenn 2L —2 | paBubrii 0 BO BCeX y3Jax, KpoMe

T = xy , aua wero dopmyna laycca-Kpucrodens touna, mosromy

/b {NL(@] ptorie = {NL@)}MJ MWL) > 0.

T — Tk r — Tk

caegoBaTeabHo A > 0.
b

2) cBa3b BecoB A, ¢ Momentamu ¢ = [ xlp(x)dx :
a

L
> afde=c,1=0,1,...,2L—1.
k=1

l

CBOHCTBO CTAHOBUTCS OYEBUIHBIM, €CJIU COCYMTATH WHTErpasl ¢ BecoM Or cremenu x° 10 dopmyre Laycca-

Kpucrodens.
L

b
3) kz;l e = [ p(z)dx

D70 uacTHbLl cayuail ceoiicrsa 2) npu [ =0 .
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4.3.4 Ilpumepbl OPTOTOHAJIBHBIX ITOJIMHOMOB

1) Honwmrombr Jlexanapa P,(x) sBasioTcs OpToroHambHbIME Ha mpomexyTke (-1,1) ¢ Becom p(z) = 1. C
TOYHOCTBIO JI0 HOPMHUPOBKHU Jljlsl HUX CIPaBEJIMBO BLIPAZKEHUE

(_1)n dn

2nn! dzm

Pn(x): (1—.’172)n .

B uactnoctu Py=1, Pi=xz, P,=1(32-1).

2) TTonunombr Yebblimesa nepBoro pojaa

Tn =

2 qym n—m—1)!
% Z ( 1) ( 1)‘(21:)7172711
m=0

ml(n — 2m)!

1
1—x

OPTOrOHAJBHBI HA TOM 7Ke npoMmexyTke [—1,1] , ¢ Becom p = = .
2
3) TommaOMBI DpmuTa H,, OPTOTOHAIBHBI HA MPOMENKYTKE (—00,00) ¢ Becom p(z) = e~ % . C TOUHOCTBIO

J0 HOPMHUPOBKHN OHU UMEIOT BUJL

2 d" 2
H,(z)=(-1)"e" T € v
4) Tommromer Jlareppa L, oproroHanbHbl Ha mpomexyTke [0,00) ¢ Becom p(z) = e *. Ix MOXKHO
IPEICTaBUThL B BUIE
]‘ d" n_—x
L,(z)=— dx"(x e ).

4.3.5 IlorpemrHocTh KBaJpaTypHBIX (hOopMYyJI

Mycrs Gynknua f(r) npomHTepnonmpoBana mo eé snadenuam f(x;) B L rtoukax x; , @ = 1,2,...,L,

TIOJTMHOMOM g1, 1:

< L (x — ;)
@) = gu-1(0) +1(0) o ana(e) = 3 fe) [1 o=
=1 j#i v J

TMorpemuocTs wATErpUpoBaEns R npn 3ameHe f(r) WHTEPHONANMOHHBIM TOJIMHOMOM ¢r—1 (OHA JKe —
LOIPENIHOCTh COOTBETCTBYIONIEH KBAaAPATYPHONH (BOPMYJIbI) UMEET BHIL

b

R= / fodz - / g1z = / r(@)pde = / WN(WWL

a

L
N(z) = H(fl7 - i)

wecmn f — mommHoM crerenn He Beimte L — 1, 1o f(Y) = 0, u, caenosareanno, KBaaparypHas GhopMysia TOUHA.

s ciiydasi paBHOOTCTOSIINX Y3J0B T; — T;—1 = h nMeeM:

VL e [1] <
L koLCk
3HAYUT
b
Rl < b1 P e [ pods
a
uupu p=1

|R| < BH|IFNG —a) -

DTO HOBOJBHO rpybasi OMEHKa, OJHAKO OHA MOKA3BIBAET MOPSII0K TOYHOCTH TIO h .
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B cyuae, ecnu y3bI He MPOU3BOIBHBIE, 8 KOPHY OPTOTOHATBHOTO TIOTWHOMA Pr, | TO KBagpaTypHas dhopMmyna
TOYHA [JIs IOJUHOMOB CTEIeHHM He mpepocxoadmieil 2L — 1, XoTs mosydeHHas OLEHKa 3Toro u He "ayscrByer".
Yrobbl yIydIATh ONEHKY B 3TOM CIydae MOCTYIHM ciaexyiommm obpasom. Ilycrs f € C?F. Paznoxum ee B psas

Teitmopa B OKPECTHOCTH HEKOTOPOH TOUKHU Xy :

LW (@) (@ —a)f P (@) (@ - x,)?t

f) =y T S )
k=0
fi@) Ja(2)
TOrIa, \ , ,
R= [l - grs@lpte)de = [ 17~ gos(@lp)ds+ [ a@ipte)ds

=0
Mycrs Bec p = 1, ouennm nocseauuit uarerpas orépocus ot dbyuxiun fo(x) ocrarok ¢(z) u BbIGpaB B KAuecTBe

TOYKHU PABJIOKEHUA Ty TOUYKY ‘12—“’, TOr1a

b
f(QL) (z:)(x — I*)QL Hf(QL) Ite 2041
/ 2L)! W praryn YT

TO €CTh HOrpenHocTb R Beger cebs Kak

ro Wle o o
22L(2L 4 1)! '

4.4 Ilpumepsl KBaJpaTypPHBIX (popmyJt

B sroM myHKTE MBI OyIeM CYUTATH, 9TO BeCc p = 1, u, uro L — umcno y3n08 Ha |[a,b] .

4.4.1 Ywucmao y3aos L =1

b
a) POpMyJIa JIEBbIX IIPIMOYTONBHUKOB: 21 = a, [ f(z)dx ~ (b—a)f(a) .
a
b

6) ®opMysa NpaBbIX NpaMOyroabHuKoB: T1 = b, [ f(z)dz ~ (b—a)f(b) .

B) ®opwmyna cpenHux (IPAMOYTOIBHIKOB) ’
— dopuyna HanBBICIIEH anTeGPanIecKol CTENeHn TOYHOCTH (OHA AOJKHA OBITh TOYMHOM /71 TIOJMHOMOB HE TIPe-
Bocxousux crenedu 2L — 1 = 1). ITocrpoum ee B COOTBETCTBUM € U3JIOKEHHBIMU BbILIE COODPAKEHUAMU JJlst

dopwmyn laycca-Kpucrodens. Jlas 31oro cHadasa ¢ MOMOIIBI0 MACIITAOHOTO MTPeodPA30BAHUs U CIBUT, TIEpPeBe-

JeM oTpe3ok [a,b] B orpesok [—1,1] , HA KOTOPOM OPTOTOHANBHBIME SIBJISIFOTCS TIOMMHOMBI Jlexkamapa Py .
Torna
/ b / b+ b b+ b
—a a —a a —a
d - d =
/f(fc)x Q/f(2+2y)y,x 5ty
¢ - q(y)

TMockomeky Pi(y) = y , TO eIUACTBEHHBIN KOPEHb 3TOro nmommaoMa Touka Yy = 0. Bec A (mo croiicTBY Becos
1

b
YA = [ p(z)dz) pasen A = [ dx = 2, Takum 06pazom
a —1

b

[ rwie =32 oy =520 = 0- a5
21

2

2 )

a
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4.4.2 Ywucmao y3ma0B L =2

a) @opwmysia Tpanenuii.
3aech y3iaMu ABJSAIOTCA TOYKM X1 = a , To = b, f(x) 3aMeHAeTCda MHTEPIOJAUMOHHBIM IIOJMHOMOM IIE€PBOIl

crenend pi(x), HOCTPOEHHBIM 1O ITUM Y3JIaM:

Dra dbopmysa pazyMeercs TOUHA JJId MOJUHOMOB crernenu He npesocxogineii L — 1 =1 (u ne Goubie).
6) @opmyaa aycca-Kpucrodbens pusa L = 2

L ee TOMyYeHNS MOCTYNIMM TaK YK€ KaK B CIydae (hOpPMYJIbI CPETHUX:

b
[ e -

ITosmunom P umeer Bung: Po = %(3y2 —1) . Ero xopHn y; = —% , Yo = % Beca n3 cuMMeTpPHUIHOCTH JOIKHBI

* oty o) =15+ 2 )

-1

1
OBITH OIMHAKOBBL: A1 = Ao, A1+ X2 =2 = \; = 1, cnenoBarenso, [ g(y)dy ~ q(f%) +q(%). Takum 06pa3oM,
o

HCKOMas KBaJpaTypHasi (pOpMysIa UMeeT BT

L + f(

b+a b—a 1 b+a b—al
/f 2 2t i

Anrebpanveckast crenens Tounoctu M pasna 2L — 1 = 3.

4.4.3 Ywucao yzgoB L =3
Dopmyna Cumncorna

3mech y3jiaMu sBJASIOTCA TOYKH T1 = @, Tg = , 3 = b. g ynoGcTBa BBIMUCICHUN MEPeieM K OTPE3KY

atb
2
[—1, 1] macmrabubiM npeobpaszosanueM ¢(y) = f(b'%a + b_?“y) :

1

bfa
/f /Q(y)dy7y1:717y2:07y3:1

-1

3amenuM ¢(y) WHTEPIOJAIMOHHBIM TOJMHOMOM Pa(y) :

q(y) — p2(y) = a(=1)L1(y) + q(0)L2(y) + ¢(1)Ls(y) ,

rie
(y-0)(y—-1)  yly—1)

L =gy~ 2
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1

Torna wuTerpan f p2(y)dy pasen

-1

CocunraeM Beca,

1 1
2 1 4
A3:A1=/(y g)dy—* ,\2:/(1_(@2)@:7
-1

rakuM obpasom, [ q(y)dy

Cumncona

37

q(gl) + %q(O) + @ . Bosspamasgch x ucxonnoil byHKIMN f, MoaydaeM @opmiyay

/f ~ P20+ 41 (Y )

SameTnM, 9To 31a (POpMYyIa TOUHA U IS TOJTUHOMOB TPEThEH CTEeHH!, XOTs TOCTPOEHNE TAPAHTHUPOBAIIO TOYHOCTh

JUIlb 0 3Hadenua L —1 = 2.

,ZLTIEI 00JIee TOYHOTO BBLIUMCIICHUS UHTETPAJIOB MOXKHO CTPOUTH UHTEPIIOJIAINNOHHBIE TTOJIMHOMBI BCE boJiee BLI-

COKOI#i CTereHu, OJHAKO O0Jiee PA3YMHBIM TIOIXO/IOM sIBJISETCs pa3OueHne MPOMEKYTKA WHTErPUPOBAHUS HA 9aCTH

" IIpUMEHEHHE Ha HUX KaKOro 00 U3 M3JO0XKEHHBIX BBIIIE IIPOCTBIX c110coboB HNHTEIPUPOBAHHUA.

4.5 CocraBHbIe KBaJpaTypHbIe (POpPMYJIhI

Pazobbem npoMexkyTOK uHTerpupoBanus [a,b] wa N wacrefi xp = a, 21, ..., TNy = b ¥ Ha KaXKIOM IIPO-

MexyTKe A; = [2;,2,_1] TpUMEHUM Ty WM WHYIO KBaApaTypHYIO (opMmymy. 3aTeM NPOCYMMHUPYEM IO BCEM

npovexyTkam. I[lycts h; = x; — x;—1 . [lony4aem ciaemyiomnue cocTaBHbIE KBAIPATYPHBIE (POPMYIIBL:

N Ti+x;
M= Y hif (=),

i=1

T % SRICAES (T

S = Z L fio1 + A (B + f()).

JIIO6OHBITHO OTMETHUTH, 9TO S =

2 1
IM 4 LT,

VYao6uo cocrasuyio dopmyiny CuMicona npeacTaBisaTh B Bujae (IPU YETHOM YUCJIE IIPOMEXKYTKOB)

§(f>:§(f0+4f1+2f2+ oo FAfN )

Takas 3anuch Ha3bIBaETCH 0600UeHHOT Hopmyaroti Cumncona.

4.5.1 CxoauMoOCTh KBaJpaTypPHBIX (hOopMYyJI

YerpeMuM B COCTaBHBIX KBAAPATYPHBIX (PopMyaax panr apobmenna h = max h; K Hymaio. EcrecTBeHHBIM 00pa3om

BO3HHKaIOT BOIIPOCHI

1) CrpeMuTcs u cyMMa K UHTErpay?

2) Ecam "na", To ¢ Kakoit cKOpoCcTbiO?
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Otser Ha mepsbIil Bonpoc nojoxuTtesied. [lockoabky u hopmyna cpeaaux M u dhopmysta Tpameruit T — cyTh
WHTErpaIbHbIE CYMMBI, & JJI WHTErPUPYEMOil (DYHKIUU MHTErPAIT TI0 OMPEIETEHUIO €CTh MPEIes HHTErpaabHbIX
cymm. ITockombky dopmyna Cumicona S gapiisercs guHeliHol KoMbunanueii (¢ cymmoit koadbdumenros paBHoil
1) dbopmyn cpeguux u Tpamenuii, TO NpU PAHTe APODJEHUA CTPEMANMMCH K HYJII0, OHa TAK¥KE CTPEMUTCH K
unTerpajy. HerpyaHo mokasarb CXOAMMOCTD U APYTUX KBAJAPATYPHBIX (DOPMYII.

Temeps obparmMca K BOMPOCY O cKopocTu cxomumocTu. Ilockombky dopmyast Tpanemmuii 1 u cpemuunx M
TOYHBI /14 [OJMHOMOB CTEeLeHH He HPEBOCXOIAIICH 1, TO eCTecTBeHHO OXKUIATH, 4T0 uX norpemnocts ectb O(h?),
a 1is popMysel CHMTICOHA, MMeIOTel anrebpandecKyo CTeneHb TOTHOCTH PAaBHYIO TpeM, morpentHocts — O(h?).

PaccvoTrpum curyarmmio aeranbuo. [Iycts Z; =

Tit+Ti—1 "
=== . Paznoxum f(z) B pap Teiliopa B oKpecTHOCTH TOUKH

Fla) = F@) + (o = 27 @) + (e - 22 @)+
_’_(3j _ji)3fll/(i‘-) + (3j _ji)4f(4)(§j‘) + (CU ) f(S)( )+O(h6)
3! ! 24 ’ 120

IIpounTerpupyem 3TO pasiokKeHue 0 MPOMEKYTKY [T;—1,;]. 3aMeTuM, 9TO pU ITOM BCE WieHbl TeHAI0POBCKOrO
y YTKY ) )
PA3JIOKEHUSI ¢ HEUETHBIMU CTE€NeHAMU (T — T;) TMPONAAYT W3-38 CHAMMETPHUH DACTONOXKEHUS TOUKH T;. Takum

obpaszom,

M@ ) ¢ o o ®)
o b

h3
3122

/ F@)dz = hif (70) + ot f"(5) +

5'24

W3 TeitmopoBCKOTO pa3moxKeHns Tak:Ke HETPYIHO BUJAETH, YTO

T i— _ 2 "= =
W = f(z:) + %f (Z:) + 4!24f(4)(3? )+ O(hg) ,

OTKY/Ia ) .
i i— hi "= hi =
f(z;) = w - ﬁf (T:) — @f(4)(37i) —O(hy) .

Toacrasiss 910 Boipaxkenue B (8), Losydaem

i i he
/ Flayde = n TV TIEE) A oty o). o
Ianee, NoCKOILKY S = %]W + %T , TO
/ fz)de = % [2f(:m) 1 Uled) +2f(ml D)
fO@opi[2 1 1 4 o @R
T e [3'5—3'5]+0(h?)—5+4!243_5[—2}+0(h?). (10)

Uroro, nyis paBHOOTCTOAIUX y3J10B U3 (8) MOrPEIHOCTD COCTABHOM (DOPMYJIBL CPEIHUX J)f PABHA

b b N N s
u = [ f@yde =31 = [ f@)fdo~ 3" hif (@) =@ +0).
a a =1 =1

TO €CTb

GRS (b—a)
3 " - " 2
|<SM|_24Zh 1F"le =~ gh s |1 llch® .

W13 (9), anajornaHo

—~
(=l

—a
ozl < LD pjen
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s (10)
I @lien

0] an

(b—a).

3mech uMeeTcst B BULY cocTaBHas (popmysia Cumricona, S . Jlist 0606mennoit popmynsr Cumiicona Hano h 3aMeHuThL

Ha 2h:
|f @] 2*h?
T 22

b—a)=Mapag_ g

0] = 180

4.6 [dpyrme popmyiib

4.6.1 CuonaiitH-KBagpaTrypa

Jng npubanKeHHOro MHTEIPHPOBAHNS MOYKHO TAK2Ke MCIOIb30BATE CIIafiHbl. IMeHHO, nHTErpupyeMas QyHKIuS

3aMeHdeTCd CIJIARHOM, KOTOPbIA U UHTEIPUPYETC.

T—Ti—1
hi

Mycrs ¢ € A; = [zi—1, 2], hi =xi—2i-1, w=1—w= . Tpuvernv critaita S3 a1t pub e HHOr0
MHTErpupOBaHUA. 3aMeTHM, 9TO Ha IPOMEKYTKe A; ero MOKHO IPeICTaBUTh B BUJE:
h2 . .
Si(x) =wfi+@fi1+ é[(ws —W)M; + (@ — @) M;_1] .
Baecy M; = S”(z;). llycrs S(w) = Si(z), Toraa
1

7 Si(z)dx = hi/S(w)dw , (dz = hydw) .

Ti—1 0

1 1
Ipu srom [wdw =1, [(w? —w)dw = —1 . Takum o6pasom,
0 0

1 _ oy Jitfion s Mi4 M
/%(x)dm—hl 5 h; 51 .

Ti—1
Tlocnenauit unen B sToit dopmyrne "umurupyer ' nonpabky K ¢gopmyse rpameiuii. JeiicTBUTENIBHO, BTOPasi IPOU3-

BOZHAs OT CIJIaliHA, AIIPOKCUMUPYET BTOPYIO IIPOU3BOAHYIO OT (DyHKIMYU U

h3(M; + M;_+)

h’L3 (=
24 ~ Ef (:CZ) ’

9TO MpeJCTaBgeT cobOoi MonpaBoUHbIil YieH GhopMysbl Tpanenuit (cM. ¢popmyny (9)). Takum 06pa3zoM OIPOUCXOIUT

KOMTIeHCaIus omuOKu hopMysibl Tpanenuii. OKOHYATENBHO

b N
fi+ fiz1 M; + M;_4
/f(ac)dx =~ Zl (hZ 5 — h? 54 ) .
a =

Sameganue. CrutaifiH-KBaIpaTypa HE eCTh KBaIparypHasi (popMysia B YMCTOM BUJIE, [IOCKOJIbKY OHA UCIIOJIb3YeT
HE TOJILKO 3HaYeHus (DYHKIIUU, HO U BTOPBIE TPOU3BOIHBIE OT CILJIAiTHA.
4.6.2 PDopmynast PuaoHa

b

ycts I = [ f(zx)e™*dx, |w| >>1/|b—al,a f(x) — MeNIeHHO MEHAIOMAACT OTHOCHTENBHO eproga 1 = 27 /w
a

kosiebanuit pynknus. B srom ciyuae noapiaTerpaibhas Gyukuusa f(z)e'* uMeeT MHOTO OCHMJLIAIMI Ha IPO-

MexkyTKe (a,b) n HCIoab30BaHne OOBIMHBIX KBAAPATYPHBIX (GOPMYII BeChbMa 3aTPYJHEHO, TOCKOJIbKY IIPUXOIUTCH
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JIeJIATh TIPOMEXKYTOK WHTErPUPOBAHUS HA OOJBINOe KOJuIecTBO dacTeil. OqHako HeT HeOOXOMMMOCTH 3aMEHSTH
BCIO TIOIBIHTErPATBHYI0 (DYHKIUIO HHTEPTIOIANROHHBIM TOJTMHOMOM. JIOCTATOYHO 3Ty MPOTEAYPY TPOAETATH JHUIIThH
¢ dynknueii f(z). Urak, 3aMeHEM [ WHTEPIOIAIMOHHBIM OJMHOMOM p. Torza

f@) ~p@) = L@ L@ = []

(zj —xk)

b

Nurerpanst Aj(w) = [€e“*L;(x)dxr 6epyrcs B smemenrapubix dynkuusax. [Tonyuaemsle npu srom Hopmysbl
a

NpUGIHKEHHOTO NHTETPUPOBAHUA HABLIBAIOTCA opmyaamy Duaona:

b

) N
I= /f(x)ewczx ~ D Aj(w)f(a;) -
j=0

a
1 1
Bamaua: Jlns unrerpanos [ sinwzf(x)dr , [ coswxf(z)dr nomyuurs dbopmyny OuioHa ¢ Tpems y3iamu:
21

-1
.%‘0:17.%‘1:0,3?2:1.

4.6.3 CocraBubie dpopmyiibl PusroHA

Pazobeem mpomexyTok [a,b] ma N wacreii @ = 29 < 21 < ... < Ty = b ¥ HA KAXKIOM IPOMEXYTKE [Tp_1, L)
3aMeHnM f(2) MHTePHOIAIMOHHBIM TOTMHOMOM p* HEKOTOpOil cTemenn, Torma
b N Tk N Tk
I= /f(x)e“”da: = E / f(x)e“?dx ~ J = E / pF(x)e dr .
v k=1 k=1,

T TR—1

IMpumep. Auamor dopmysbl cpeHUX.
@y @y
/ f(x)e™®dx ~ / f(@)e™dx =
Th_1 Tp_1

— elwTr-1 2 iwie . wWhi
= f(xp) ———— = — f(Tg)e"™"F sin — .
JE L 2 jia) .
OunenuMm norpermHocts 310t popmyisl. peacrasum f(z) npubmuxenno: f(x) ~ f(zr) + f(Zg)(x — Zx) . Torna
HOTPEITHOCTL R MPUOINKEHHO OMUCHIBACTCA BHIPAIKEHAEM

Ty

TN N 3
R= /T(Jc)eiwdac R~ Z 1 (zy) / (x — Z1)e™de =
e k=1

LTk—1

. N
21 B . why  why why, -
= — E (@) | sin — — —— cos —— | e"“7* |
w 2 2 2
k=1
T.e. ecau mpoussenenue why mopsaka 1, To dopmyna Punaona nMeer HEOOJBINYIO MOIPEITHOCTb, B ITPOTHBHOM

cJIydae MOIDENIHOCTh TOr0 2Ke MOPAJKa, YTO U 3HaYeHne WHTerpaJia.
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I'maBa 5

Ilonck MmuamMyMa

5.1 Cuayd4ait ogHOI TepeMeHHOI

5.1.1 MerToa 30JI0TOr0 Cce4YeHUs

Mycte ®(z) : [a,b] — R u usBecrHo, 9410 Ha nmpoMexRyTKe [a,b] dynkuus P umeer xorTsa Obl OIMH JOKAILHBLI
MuHUMYM. JIjisi IpUMEHEHUs U3JIAraeMOro HUXKE MeTOo/a 30J0Toro cedenus, or Gyukuun P(z) ne Tpebyercs
JlaXke HEMPEPBIBHOCTH, JOCTATOYHO JIMIIh KyCOUHON HempepbiBHOCTH. ByneMm moka cawmrarh, uro P wumeer Ha
OPOMEKYTKE JIUIID OJUH JIOKAJILHBIH MUHUMYM (OH YK€ U IJIODATBHBII).

Meros, ocHOBaH Ha CpaBHEHHM 3HAa4eHUil (DYHKIMHM B PA3JIMYHBIX TOYKAX, C [TOCJIEIAYIONUM OTOpPACHIBAHUEM
MPOMEXKYTKOB, Ha KOTOPBIX MUHUMYM YK TOYHO HE MOMKET HAXOAUThCA. ZICHO, 9TO YTOOBI OCYIIECTBIITH MOA00-
HYIO IIPOIEAyPY, HEOOXOINMO 3HATH 3HAYEHUd QyHKIMH, BoOOIE roBopsd, B 4-x Toukax. JleficrBuTebHO, MyCTh
a=xy) <21 <22 <x3 =D>0,u Nycrb, CKaXkeM, B TOUKEe o 3HaUYeHHE (DYHKINU HAMMEHBINEE U3 ITUX YeThl-
pex Bemmunn. Torga MuanmyM P 3aBETOMO HE MOXKET HAXOIUTHCS HA TPOMEKYTKE [Lg,Z1] , U TIOITOMY 3TOT
MPOMEKYTOK MOXKHO OTOpocATh. Teneph HA OCTABIIEMCsT TPOMEXKYTKE [T1,23] HAM W3BECTHBI KPAHWE 3HAYEHWSI
GbyHKIMM 1 3HaYEHNe B OJHON BHYyTpeHHel Touke. J100aBIsAst HOBYIO TOUKY X4, MbI MOXKEM MOBTOPUTH CpABHEHWE
3HadeHnit ® u BHOBL Cy3WTh JONMYCTHMBIH MpOMexKyTOK. Kak Hanbosee pazyMHO pa3Meniarh 106aBjsieMble TO4-

ku? [Ipencrapisierca ecTecCTBEHHBIM, YTOOBL JeJIeHHe OTPE3KOB IIPOUCXOIUII0 OA00HO IPEAbIAYIIEMY IeJIEHUIO.

9TO yCIoBHE 03HAYAET, B YACTHOCTH, YTO BHYTPEHHHE TOYKH JOJKHBI PACIOJATATHCHA CHMMETPHYHO, TO €CTh
|x1 — 20| = |x3 — 22| = h. Eciun qiauna ucXOTHOTO MPOMEKYTKA PABHA [, TO JOJZKHO BBINOJIHATHCS COOTHOIIEHIE

h 1 — Xo To — 1 1 —2h

£=7= = ===,

l T3 —x9 T3 — I l—h

OTKyIa

5:@:1f2%:1—%
l 1-4 1-¢
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Pasperiast kBaJpaTHoe ypaBHEHHE OTHOCUTENBHO & | moaydaeMm & = ~ 0,38 , T0 ecTb Ha KaxKIOM mmare (3a
HCKJTIOUEHNEM BBITHCIEHNs] CTAPTOBBIX BHYTPEHHWX TOUEK X1 W T ) OTPe30K cokpamaerca B 1/(1—&) ~ 1,61
pasa u CXOIUMOCTb METO/A JTHHEHHA.

Takum 0Opa3oM, sl TOTO, YTOOBI HAYATL MPOIECC 30JI0TOTO CEYEHUs, K TPAHUYHBIM TOYKAM Tg = @ U
x3 = b nobaBnsiorcs ase TOUKU 1 = To+&(x3— o) U T2 = x3 —&(T3 — o). Barem, nocae 0TOPACHIBAHUS TOYEK
u 106aBIeHUs HOBBIX, HA MOCIEAYIONMX Marax HOMEepa TOYeK IepeMernanbl becnopsnodno. JaauM uMm HOMEPaA
j.klm , m nycrs, ckakeMm, ®(z;) < ®(Tgim) . IIpu gereHHN MO 30J0TOMY CEUEHUIO OTOPACHIBAETCS OTPE30K
OJIHUM, H3 KOHIIOB KOTODOI'O dABJIdeTcd TOYKa Haubosee ynandeHHas or «; . Ilyctb sroil Toukoil aBiaserca xj

(oueBMIHO, UTO 9TO OJIHA U3 KPARHUX TOYEK ). 3aTeM HaJl0 J00aBUTH HOBYIO TOUKY Iy, . [LycTh 1Jis onpejiesieHHOCTH

Tk < Tj < Ty, . Toroa B cuily CHMMETPHE PACHOIOXKEHAd BHYTPEHHHX TOYEK OHA ONpeAesIfdeTca COOTHOLICHHEeM

Tp = Tk + Ty, — ;  (T€. CYMMa KPAHHUX TOYEK MUHYC BHYTPEHHSS).
Eciu pyuknms ® wmeer HA MCXOTHOM MPOMEKYTKE HECKOJIBKO JIOKAJIHHBIX MUHUMYMOB, TO METOI 30JI0TOTO

cevyeHus BCE PABHO COHJETCA K OJHOMY U3 HUX, HE 00S3aTEIHHO K [VI0DATBHOMY.

5.1.2 Metoa mapaboJ

Ecuu dyuxius obaagaer 40crarouHoil 11aIKOCThIO (MMeeT BTOPYIO HPOU3BOAHYIO) TO €CTECTBEHHO UCIIO/Ib30BATh
3TO OOCTOATEBCTEO MTPH TTOUCKE MUHUMYMa. B 370l Touke @ (x) = 0, m MOXKHO HCKATDH HYJIb NEPBO TPOU3BOTHOMN,
cKaxkeM meronoM Hprorona
_ ®'(zn)
$n+1 = Tpn — m .
D1y HOpMyIy JIErKO NOJIyYUTh U HenocpeacTsenHo pasionkus @ (x) B psag Teiisopa B TOUKe X, U OrPAHUIUBIIUCD
TpeMsi ITeHAMH, T.€. ANIPOKCUMUPYsT KPUBYIO TapabosIoit

(x —zp)

2
O(z) ~ ®(xy,) + (7 — 2,) P (2) + 5 " (x,) .

MunauMyM 9T0i TapaboIbl HAXOAUTCS KAK Pa3 B TOYKE Tpy1. B CBA3W C 3THUM METON W HA3BIBAETCS MEMOJOM
napaoon.
Berancisats u IepByO U BTOPYIO MPOU3BOJHYIO HA, KAXKJIOM ITIare JOBOJBHO HakaagHo. [losTromy wx mpubiu-

2KEHHO 3aMEHAIOT PAa3HOCTHBIMHA IIPDOU3BOAHBLIMHA, BBIYUCICHHBIMHA C IIOMOIIBIO BCIIOMOI'aTE€JIBHOIO IMara h:

O(xp, +h) — ®(z, — h)

') — 2h :
®(x, +h) —20(x,) + P(z, — h
& (z,) — ( ) 152 ) + & ) 7
n METOd NIPpUHUMaET BHJ
R _h D(xp +h) — ®(x, —h)
LTI T 9 (2, + h) — 28 (2n) + P(2n — h)

Kcraru, 370T m0aX0 IKBUBAJIEHTEH 3aMeHe KDPUBOH HA WHTEPNOJSIMOHHYIO Tapabosy, MOCTPOEHHYIO 110 TPEM

TOYKAM Ty, — R, Ty, Ty + h € HOCTEAYIOMMM HAXOXKAEHUEM MUHMMYMA 9TOH napaboibl (TOUKH Tpt1).
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BaMeanI/Ie. yMeCTHO CPaBHUTHL METOJLI MMONCKa MUHUMYMa W METOALI MOUCKa KOPHA YpaBHEHNA. TaK Me-
TOJ 30JI0TOTO CeYeHHUs TMOMO0eH AUXOTOMEH. VI B TOM M APYyroM Ha (PYHKIIAIO HAKIAIBIBAIOTCI MUHHUMAJIbLHBIE
orpannvenus. OHU IPE3BBIYANIHO MPOCTHI U HAJEXKHBI, MOPIOK CXOIUMOCTH B 060MX MeTomax JuHeiiabii. Meros
mapabosI B 3TOM cMbIce moaoben Meronay Herorora. Ot dyukimu Tpedyercs 60mbIie, cxoqumMocTh obicTpee. [Tonck

MUHHUMYMa 110 MeTO/y 1apaboji COOTBETCTBYET IIOMCKY KOPHSI [T0 METO/y CeKYIIHX.

5.2 @PyYyHKINUU MHOTUX MepeMeHHbIX

Iycrs @ : M — R; M C RN unycrs ® € C3,. B Toukax MuHAMYyMa é% =0,2=1, ..., N, KaK, BIPOieM, U B

TOYKAX MAaKCUMYMa, & TaKyKe B CeJIJIOBBIX Toukax. Ho paszioxkenne B psia Teitiopa B OKpeCTHOCTH HEBBIPOXK TEHHON
TOYKM MUHUMYMa X*

N

w1 Z %P

ij=

1 i

N
92
BBIJICJICHO TEM, 9TO KBAApAaTHIHAA hopMa  » gT‘foiij MOJIOKUTEHHO ONMPEAeIeHa (HATIOMHNM, ITO KB
ig=1 "
paruunas (GopMa Ha3bIBAETCH TOTOKHUTENLHO ONpeseNento, ecmn  y.a;;2z; > V||z]|>, v > 0, rne z =

(21,22...,28)T).

5.2.1 KoopauraTHBIil cCIyCcK

IIporenypy KOOPAMHATHOTO CITyCKa PAcCMOTPUM Ha mpuMepe MyHKIHE AByX mepemennbix ®(x.y). lycrs (2°0,1°)
— HeKoTOpad TOYKa. 3aduKcupyeM IepeMeHHyio ¥ 1 Hafijaem munumyM dyukimun @ (z, y°) kakum 6o u3 yxe us-
BECTHBIX CHOCOOOB MOUCKa MUHUMYMa (DYHKIMU OJHOIO MEPEeMEHHOro (CIIyCcK 1o nepBoii koopaunare). Ilycrs aroT
MHHEMYM JIOCTHTaeTcsa B To4Ke o'. 3adukcnposas 310 3Hadenne HaiigeMm MunmMym dyakmum @ (2h,y) (cmyck mo

. 1 . 1 -
BTOpO#t kKoopaunare). Ilycrs on HaxomuTes B Touke y'. Teneps maiimem muauMy™ dbyaxknun @ (z, y') (caemyrommit
CIIyCK TI0 TIepBOi KoopamHaTe) u T.7. Takoil MeTo[ MOMCKa MUHUMYMa HA3bIBAECTCS KOOPOUHGMHBM Chyckom. B
3aBUCUMOCTY OT CBOMCTB (DYHKITHHU ¥ MOJIOXKEHUST HATATbHON TOYKHU MPOIECC MOXKET COMTHCH K IKCTPEMAJTHHOMN TOU-

ke wian Her. OTMeTHM JOCTATOYHBIA MPU3HAK CXOIUMOCTH KOOPAMHATHOTO ciycka. Ecan ¢ nBaxkpl HEMpEepbIBHO

N .
muddepennupyema B obiactu M, comepzkaiieil TOUYKy MUHAMYMa ¥ 1 KBaJpaTudHas popMa, ‘21 ‘giq; Ax;Ax;
i52 9%
MOJIOKUTEITBHO OTPEIETIEHA, TO B HEKOTOPOH OKPECTHOCTH T METO, KOOPAMHATHOTO CIIYCKA, CXOILﬁZ[‘CH K yKa3aHHO-
My MEHEMYMY. JJOKa3aTebCTBO IPOBEAeM NI CIydas ABYX mepeMeHHBIX. IIyets ®pp > a , @y > b, |Dyy| < ¢,
rae a,b,c > 0 m ab > ¢ B obmactu M (310 0O3HAIAET B YACTHOCTH, 9TO MATPHIA BTOPBLIX TMPOM3BOIHEIX MOTOKHI-
TebHO ompeenena). Byaem camrtarh, uto Touka A = (2°,y°) momydema B pesymbTaTe crycKa 1O HepeMeHHOM

y,re. ®,(4)=0.Iycrs |P,(4)=¢ . Brouke B = (z',y°) obpamaerca B nyms P, , a momynn P, pasen

HEKOTOpoMYy umciy 7). Takum obpazom

<1 = |(I).L(A) - (I).L(B)| = |®1¢(£)|p(A>B) > ap(A,B) )

n=0y(A) = 0y (B)| = |4y (¢)Ip(A, B) < cp(4,B)

OTKY/1a
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c(1 > an . (1)

B rouke C = (z',y'): &, =0,u &, = (s, npu 3rom

G = |(I):L’(C) - (I)I(B)l = |(I)zy(7-)|p(c7 B) < CP(C7B) ’

n=12,(C) —2,(B)| = |(I)yy(7'/)|P(CaB> > bp(C, B) ,

U, CA€JOBATEbHO,

cn > b(s . (2)
2
U3 (1) u (2) sakmouaem, uro (2 < g, roge 0 < ¢ < & < 1. Takum obpasom, ¢ KaxapiM HuKaoM Py
YMEHBITAeTCA KAk MUHAMYM B ¢ pa3. AHAJIOTHYHO yOBIBAECT W YACTHAS TIPOW3BOIHAS TIO TIEPEMEeHHON 3. Takum

00pa30M KOOPIAUHATHBIM CIYCK AEHCTBUTENBHO CXOIUTCS K TOYKE MUHUMYMA,.

5.2.2 Hawuckopeiimmii conyck

CriyCcK MOYKHO OCYIIECTBIATEH HE TOMLKO BIOJIb KOOPIUHATHBIX OCeH, a BooOIIE BIOL JI000ro Hanpaeiaeauns. IlycTs
o o o _ 0

a IPOU3BOJILHBIN €IMHUYHBIE BEKTOD, 33Jai0nmii Hanpasaenue. Oyuakuus ¢o(t) = ®(r” + at) ecrb bynkuus

OIHOI TIepeMeHHOil, ee MHHUMYM ABIgerTca MuHEMyMoMm dynknmn P (r) ma mpamoit r' + at . Ecu BeiGpath

0 _

a=a’= —grad®|,0 , 10 a Gyuer aBiATbCA HalpPaBieHueM HauboJiblIero yobisanusa dynkiuu @ B Touxke 10 .

OcyImecTBUM CITyCK BJIOJIb 9TOTO HAampapjeHus (To ecTh HaiineM MuHuMyM dyHRmu ¢(t) ). [Tycrb o HaxoawuTCs

B Touke r!. Temephb B 9TOif TOYKe BHIOEpEM HOBOE HampabieHne al = —grad®|. ¥ ocymecTBUM CIIyCK BIOMH

0 41 al OPTOrOHaJIbHBI. OnucanHbIit METO CIIYCKa Ha3bIBAE€TCA

HETO, U T.J. JaMEeTHM, KCTATH, 9TO BEKTOPHI a
HAMCKOPEUInM.

XoTst Ipy HAUCKOPEHIIIEM CITyCKe JBUYKEHUE MTPOUCXOIUT BIIOJIL HAPABICHUsT HAUOOIbIEro yobBamust GyHK-
MK B TeKyInei Touke r* | 0IHAKO MOPSHIO0K CXOMUMOCTH OCTATCH TAKHUM K€, KAK ¥ IPH MOKOODIHHATHOM CIIyCKe
(py 9TOM LPUXOAUTCH B KAXKJOA TOYKe I 3aHOBO cuMTarb rpajueHt). Jleso 3/ech B TOM, 4TO DU CABHUIE OT
TOYKK I HampapjeHue HamObICTpeiiero yorsanus Gyukinuu P wmsmensierca. OOBIYHO CIYCK MPOU3BOIAT HE
TOYHO 0 MPHEMYMa, & HECKOJIBKO Menbme. To ectb, ecim @, () = @(r" + a™t), a munnvym byHKImT @y, (1)
JIOCTUTAETCS B TOYKE ty , TO CIIYCK OCYIIECTBJISAETCS OO0 TOYKU «ot, , rae « < 1. B "umeane"mMoxXHO crycKarbca

Ha OECKOHEYHO MAJIYIO BEIMUMHY M 3aHOBO KOPPEKTUPOBATH Hampas/ienue. [Ipu srom kpusas cuycka r(t) Oymer

YAOBJACTBOPATH YPABHEHUTIO

dr(t)
dt

OHAKO WHTErPpUPOBAHNE TAKOH CHCTEMBI YDPABHEHWI B YACTHBIX MMPOM3BOIHBIX ITPEICTABIIsIET COOOM OTIETBbHYIO

= —grad®(r(t)) .

HEIIPOCTYIO 33/1a4y.

5.2.3 Metoa conpsaKE€eHHbIX HAIPaBJEHUN

B okpecrroctu Touku munumyma (ydkous P(r) Bemer cebs o0bIYHO KaK KBajparuuHas (yHKIMA. Bynem

CYUTATh OJ4d Ha4daJla, 9TO OHa ABIAETCA B TOYHOCTH KBa,D;paTH‘iHOfI, T.€.
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®(r) = (r, Ar) + (r,b) +c.

Bnecs b € RM (C"), ¢ € R, A - nonoxurenbHO ompejeseHHas Marpuua. I10cKoibKy A m010KuTeIsHo

OIpenesieHa, TO KBaapaTuydHas dhopma

(x,¥)a = (x, 4y)

VIIOBJIETBOPSIET BCEM CBOMCTBAM CKAJIAPHOIO Mpou3BeleHus. BBemeM OpTOHOPMUDPOBAHHBIH Oa3mC {el}f\il B JIU-
HEHHOM TTPOCTPAHCTBE € HOPMOH (-, ) 4. BymeM Ha3BIBATH HATIPABJIEHUS, 33ABAEMBIE UM, CONPAKEHHBIMA. Ecan

N
r’ HexoTopast ToUKa, TO TPOM3BOMBHAA TOUKA T TIpejcTaBagercs B Buge r = r' + > a,e’. Torma
1

O(r) = <r0 + Z ae’, Ar® + ZaiAei> + <r0 + Zaiei’b> +c=

N
0 2 i .0 i
=d(r’) + E [oF + 2a;(e’, ") + o (e, b)]
i=1
B sT0i1 cymMMme OTCYTCTBYIOT IEPEKPECTHBIE HWJIEHBI, TAKUM 0OPa3oM, CIIYCK BIOJL JIFOOOr0 HAIIpaBIEHHs €' MU-

HUMU3UPYET JIUIITH CBOI WJIeH CYyMMBI. o) O3Ha4vaeT, IYTO OCYHIECTBUB CHYCK MO KaXKJIOMY U3 CONPAKCHHBIX

HaHpaBJIeHPIfI JIUIMb OJIUH pa3, Mbl B TOYHOCTU AOCTUTAEM MUHUMYMA. B cawmoit :xe Touke MUHUMYMa,

[6)) )
g—:2ai+2<eZ,Ar0+b/2):0, 1=1,2,...N,
a;

orkyna o; = —(e’, Ar® + B).

HOCTpoeHI/Ie basuca COIIPpAKEeHHDbIX HaHpaBJ’IeHI/Iﬁ " CIIYCK IIO HUM

IIycrs r! mpousBoIbHAA TOYKA ¥ €' HPOM3BONLHBIL €IMHMYHLIN BeKTOp. PaccMorpum mpamyo r = r! + ae! u

HafiieM BAOMEL 9TON npaMoil MuauMyM dyHKIHH @) = <I>(I‘1 + ael). Bynem cunTarh, 9TO yKA3aHHBIH MHHAMYM
JocTuraeTca Kak pas B rouxe rl, mo ects 0 = a; = —(el, Ar! + b/2). Ananoruuno, nmycrs na upsamoi r? + ael

MHHEMYM focTuraercs B Touke r2 (0 = ap = —(e!, Ar? + b/2)). Takum obpasom,

az —ar = (e, A(r? —r')) = (', (r? —1'))4 =0,

2_r

U eIMHUYHLIH BEKTOp €2 = Hlff OKA3BIBACTCH CONPSAMXKEHHBIM K €. AHaIOrm4HO, IycTh MMEeTcs 1M COIpS-

1
rila
JKeHHBIX BEKTOpPOB €', €2, ..., €™ 1 B JByX mapasebHbIX M-MEPHBIX CONPAKEHHBIX ITIOCKOCTAX T + > e’ u

1 2 2 1

r’ 4+ > a;€' MUHHMYM JOCTHTAeTCS B TOUKaX I'! ¥ I2, COOTBETCTBEHHO, TOIJA BEKTOP I'2 — Il CONpSYKEH BCEM

iym
BekTOpam {e'}7 .
Onwmimem Tenepsb NOCIeI0BATENBHOCTE NeHCTBHI O TOCTPOEHMIO 6a3uca CONPIKEHHBIX HANpasienuii. IlycTs

{di}f\il CTAaHAAPTHBIN OA3UC, W MBI TIOCTPOWIN M COMPSAXKEHHBIX BEKTOPOB, TIPU ITOM BBIODPOCUB U3 PACCMOTPEHUS

0

M BEKTOPOB CTAHIAPTHOTO Hasuca, ckaxkeM, ¢ Homepamu N —m+1,N —m—+2, ... N. Ilycts r’ npousBosbHas

TOYKA, MPOU3BEIEM W3 Hee CIYCK TI0 COMPsKeHHbIM BekTopam {e'}™ . Ilomagem mpm 3TOM B HEKOTOPYI) TOUKY

2

" crapmapTHOro 6a3mCa W IONAIEM B TOUKY I~

N_,
r'. U3 nee npomssesiem ciyck 1o ocrasmumcs sexktopam {d}; "

Tenepb U3 r? CIOYCTHMCH MO CONPSYKEHHBIM BEKTOPAM {e’}™ . Ilonagem mpHu 3TOM B HEKOTOPYIO TOUKY rl.

Touku I'1 n 1‘3 ABJIAIOTCA MUHUMYMaMMR (byHKLLI/II/I q)(l‘) B IBYX MapaJIJICJIBHBIX TUTICPIIJIOCKOCTAX, 3aJJaBaCMbIX

COLIPSKEHHBIME HAIPABIeHNAMH. TakuM obpasoM, r° —r! — HOBOe compsikeHHOE Hampasienne. JJo6aBHM ero K
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YK€ MOCTPOEHHBIM U BHIOPOCKUM OJIMH U3 BEKTOPOB {d}fi‘lm. dopManbHO BCe PABHO KAKOH M3 HUX BHIOPACHIBATD,
OJIHAKO JIJIS TIOBBIMIEHUS] TOTHOCTH KEJIATETHHO BBIGPACKIBATE TOT, TIPH CIIYCKE BIOIb KOTOporo ¢yukims P(r)

M3MEHMJIACH MEHBIIE BCEro, JasKe €CJIM CAy4YaifHO OH OKA3aJICA OJHMM M3 CONPKEHHBIX. JIeJI0 31eCh B TOM, 9TO
3

B 3TOM CJIy4dae MbI HE TepdeM TOYHOCTL B IIPOIeCcCe OPTOTOHAJIN3AITUN. SaMeTI/IM, 9YTO U3 TOYKH I HeO6XO,HI/IMO

CIIyCTUTHCA JIUIML BAOJH HOBOTO HaPaBJICHUSA I'3 - I‘l , IOCKOJIBKY TIO JAPYTUM CONPAZKEHHBIM HallpPaBJICHUAM

4 nmpomssoguTes cryck no ocrapmmmes N —m — 1

CIyCK yIKe Tpom3BeneH. 3 moaydeHHoN Ipu 9TOM TOYKHA T
BEKTOpPaM CTaHAAPTHOrO Oa3uca u T.7. Takum oOpa3oM, eciu Obl He OmuUOKKM OKPYIJIEHHUS, TO [/ KBAaIPATHIHON
dbyuriun, mpousBenss N — 1 UKJIOB MBI ObI B TOYHOCTH mOonasu B MuHEMYM. OQIHAKO MMEHHO M3-33 OIMMUOOK
OKPYTJIEHUS 9TOr0 He MPOM30MIET U MPOIEAYPY HEOOXOAMMO MOBTOPUTH HEKOTOPOE KOJMIECTBO Pa3.

Samedanue. XOTs MOHITHE COMPSIKEHHBIX HAPABIEHWH ObLIO BBEIEHO TOJIBKO IS KBAAPATUYIHON (DYHKITHH,

CaM ONMCAHHBIN MPOIECC MOYKHO MPUMEHATh K TPOu3BONIbHON (yuKinu P(r), MOCKONbKY caMa MpoIeaypa OCHO-

BaHa JUMIb Ha MOUCKEe MUHUMYMa BAOJb TOTO WJIN WHOI'O HalIpABJICHNUA.
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